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FANO-RICCI LIMIT SPACES AND SPECTRAL 
CONVERGENCE 


AKITO FUTAKI, SHOUHEI HONDA AND SHUNSUKE SAITO 

Abstract. We study the behavior under Gromov-Hausdorff conver¬ 
gence of the spectrum of weighted i9-Laplacian on compact Kahler man¬ 
ifolds. This situation typically occurs for a sequence of Fano manifolds 
with anticanonical Kahler class. We apply it to show that, if an almost 
smooth Fano-Ricci limit space admits a Kahler-Ricci limit soliton and 
the space of all holomorphic vector fields with smooth potentials is 
a Lie algebra with respect to the Lie bracket, then the Lie algebra has 
the same structure as smooth Kahler-Ricci solitons. In particular if a 
Q-Fano variety admits a Kahler-Ricci limit soliton and all holomorphic 
vector fields are with smooth potentials then the Lie algebra has the 
same structure as smooth Kahler-Ricci solitons. If the sequence consists 
of Kahler-Ricci solitons then the Ricci limit space is a weak Kahler-Ricci 
soliton on a Q-Fano variety and the space of limits of 1-eigenfunctions for 
the weighted 9-Laplacian forms a Lie algebra with respect to the Pois¬ 
son bracket and admits a similar decomposition as smooth Kahler-Ricci 
solitons. 


1. Introduction 


In this paper we study the behavior of the spectrum of a weighted d- 
Laplacian under Gromov-Hausdorff convergence of a sequence of compact 
Kahler manifolds. Typically we consider a sequence {Xi,gi) of Fano man¬ 
ifolds Xi and Kahler metrics gi where the Kahler form cjj of gi represents 
27rci(Aj), i.e. 27r times the anti-canonical class. Since the Ricci form Ric(a;i) 
also represents 27rci(Aj) there is a real valued smooth function Fi, called 
the Ricci potential, given by 

Ric(a;i) — uji = iddFi. 


The weighted cl-Laplacian we consider is given for a smooth function u 

by 


= e ^^d*{e^^du). 


This is a self-adjoint elliptic operator with respect to the weighted measure 
e^^dH. Assuming the one side bound of the Ricci curvature 


Ric(gi) >Kgi 

for a constant K, upper diameter bound, uniform bound of ||Fj||j;,oo and 
L^-strong convergence of Fi and complex structures Ji (see subsection 2.1 
for more detail), we consider non-collapsing Kahler-Ricci limit space. When 
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the sequence consists of Fano manifolds with anti-canonical Kahler class the 
limit is called a Fano-Ricci limit space. 

In the Riemannian case the behavior of the spectrum of the Laplacian un¬ 
der Gromov-Hausdorff convergence was studied by Fukaya m and Cheeger 
and Golding [6]. We see in section 3.1 that the spectral behavior for the 
weighted 9-Laplacian is continuous with respect to the Gromov-Hausdorff 
topology (Proposition 3.13). 

On the Fano manifold Xi we have the following Weitzenbock formula: 

(1) f = / |V"grad7*Pd^]?,+ / \dfi\^ 

In Theorem 14.II we show the following Weitzenbock inequality on the Fano- 
Ricci limit space: 

(2) f |Af/|2dH^> f \V'grad'f\^dH^+ j \df\^dH'^F. 

J X J X J X 

This implies the first non-zero eigenvalue Ai(A^,A) of the weighted d- 
Laplacian A^ on the limit space X satishes 

Ai(Af,X)>l, 

and if / is in the domain V^(A^, X) of A^ with = /, then V'^grad'/ = 
0. In particular if U is an open subset of X and {U,gx\u-, J\u) is a smooth 
Kahler manifold with F\u G C°°(JJ), then f\u G C^(U) and grad7 is a 
holomorphic vector field on U fCorollary 14.2p . 

For a smooth Fano manifold M, the Lie algebra (]ol(M) of all holomorphic 
vector fields on M is isomorphic to the space Ai of the eigenfunctions cor¬ 
responding to the eigenvalue 1 (1-eigenfunctions for short) for A^ with the 
Poisson structure, see [MKITKIl]. The Poisson structure can be dehned on 
the noncollapsed Kahler-Ricci limit space X as in Dehnition 14.171 However 
there is a difficulty in finding if the space of all grad7 obtained as above 
forms a Lie algebra since it is not clear if the space of 1-eigenfunctions of 
on the limit space is closed under Poisson bracket. A key to overcome 
this difficulty is to see when the Lie bracket of two vector fields of the 
form grad7 as obtained above becomes again. 

If a smooth Fano manifold M admits a Kahler-Ricci soliton oj, i.e. Ric(cu) — 
u! = iddF with grad^F is a holomorphic vector field, then the Lie algebra 
of all holomorphic vector fields on M is known to have the following 

structure ( 113 ): 

(lo[(M) = (io[o(M)© ©IjoIJM). 

a>0 

where f}o[Q,(M) is the a-eigenspace of the adjoint action of —grad'F. Further¬ 
more, f)o[o(M) is a maximal reductive Lie subalgebra. Note that the direct 
sum decomposition is meant as a vector space and [f)o[„(M), f)o[^(M)] C 
flolQ+/ 3 (M) holds as a Lie algebra. 
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If a sequence of Kahler-Ricci solitons Xi converges to X then the limit 
X is a Kahler-Ricci limit soliton which is also a Q-Fano variety. Then the 
vector space A consisting of the limit of the 1-eigenfunctions (eigenfunctions 
with eigenvalue 1) on Xi form a Lie algebra, and a similar decomposition 
theorem holds for A on the limit X as in the case of smooth Kahler-Ricci 
solitons as described above (Theorem I6.2p . This is proved by showing that 
the L^-Lie bracket property as mentioned above is satished. 

If the Ricci limit space X is a Q-Fano variety then holomorphic vector 
fields on the regular part extend to X and they form a Lie algebra f)o[(X). 
If we assume they are all with smooth potentials, then they are gradient 
vector fields of 1-eigenfunctions (Proposition 16.1() . Thus, assuming that the 
limit X is a Kahler-Ricci soliton on the regular part and that the Lie algebra 
1)0 [(X) consists of holomorphic vector fields with smooth potentials on the 
regular part, ()o[(Ai) has a similar decomposition as in the smooth Kahler- 
Ricci solitons (Theorem 16.4p . 

The theory of Cheeger-Colding SUSIE] and Cheeger-Colding-Tian [7] has 
been applied to complex geometry by Donaldson-Sun [HKisi where the two 
side bound of Ricci curvature 


—Cg < Ric < Cg 

for some constant C > 0 is assumed. Further the theory of Cheeger, Gold¬ 
ing and Tian was used to prove Yau-Tian-Donaldson conjecture by Chen- 
Donaldson-Sun laisKioi, Tian [36], and to study the compactification of the 
moduli space of Kahler-Einstein manifolds in [39], [33], [38] . [34] . The differ¬ 
ence between these works and ours is that we employ one side lower bound 
of Ricci curvature, and the two side bound ensures a differentiable 
structure on an open set of the limit while the one side lower bound only 
ensures a weak structure outside the singular set of measure zero. In 
particular, except for section 5 and section 6, we do not require the openness 
of the regular set. 

This paper is organized as follows. 

In Section 2, we consider L^-convergence for C-valued tensor fields in the 
Gromov-Hausdorff setting, which is known on the real setting in [25]. Main 
results are Rellich compactness (Theorem I2.6|l and Proposition 12.91 which 
play key roles to prove the spectral convergence of the weighted (5-Laplacian. 

In Section 3, we first establish the spectral convergence of the weighted 
9-Laplacian on general setting. Second, we define the covariant derivative 
V" on a noncollapsed Kahler-Ricci limit space, which is a key notion to 
establish the Weitzenbock inequality ([2]) on a Fano-Ricci limit space. The 
essential idea of the definition of is based on Gigli’s approach to non¬ 
smooth differential geometry discussed in m via the regularity theory of 
the heat flow on RCD-spaces by Ambrosio-Gigli-Savare [T]. A main prop¬ 
erty of is the L^-weak stability (Proposition 13.25]) . which plays a key role 
in the proof of the Weitzenbock inequality ([2]). 

3 




In Section 4, we first prove the Weitzenbock inequality Q- Next we 
discuss the regularity of the Ricci potential on a Fano manifold with a lower 
Ricci curvature bound. As a corollary, we establish a compactness with 
respect to the Gromov-Hausdorff topology, which states that a sequence of 
Fano manifolds with uniform lower bound of the Ricci curvature, uniform 
lower bound of the volumes, uniform lower bound of the Ricci potentials, 
and uniform upper bound of the diameters, has a convergent subsequence 
to a Fano-Ricci limit space (Corollary I4.11jl . 

We also discuss in Section 4 the behavior of holomorphic vector fields and 
the Futaki invariant with respect to the Gromov-Hausdorff topology. As a 
corollary, we give a new uniform bound of the dimension of the space of all 
holomorphic vector fields on a Fano manifold fCorollary 14.131) . The hnal 
subsection of Section 4 is devoted to constructing a Lie algebra consisting of 
L^-holomorphic vector fields with smooth potentials on a nonsmooth Fano- 
Ricci limit space. As we mentioned above, this has a difficulty in showing 
that the Lie bracket of two L^-vector fields is L^. Proposition 14.301 and 
Corollary 14.311 are used to overcome this difficulty by considering the limit 
holomorphic vector fields. 

In Section 5, under an additional assumption that a Fano-Ricci limit 
space is almost smooth, we study holomorphic vector helds in further detail. 
In particular, we establish a similar decomposition as smooth Kahler-Ricci 
solitons as in [JT] (Theorem 15.7p . It is worth pointing out that [)o[o(A) 
being reductive Lie subalgebra in the decomposition theorem comes from 
a Cheeger-Colding’s result in [5] that the isometry group of a noncollapsed 
Ricci limit space is a Lie group. 

In the hnal section. Section 6, we consider the case that a Fano-Ricci 
limit space is a Q-Fano variety. Then we prove that the space is an almost 
smooth in the sense of Section 5 (Proposition [6T]). Thus we can apply the 
decomposition theorem in Section 5 to this case (Theorem 16.4p . We also 
check that combining results above with Phong-Song-Sturm’s recent work 
m, this situation typically occurs if a sequence we consider consists of 
Kahler-Ricci solitons fTheorem l6.2p . 

2. Noncollapsed weighted Kahler-Ricci limit spaces 

In this section we discuss the spectral behavior of Kahler manifolds with 
respect to the Gromov-Hausdorff topology. Recall that a sequence of com¬ 
pact metric spaces (A,, dx ^) is said to Gromov-Hausdorff converges to a 
compact metric space {X,dx) if there exist a sequence of positive numbers 
Ei with e* —)• 0 and a sequence of maps (pi : Xi ^ X such that 

(i) X = B^^{(pi(Xi)) where Br{A) is the r-neighborhood of A, and 

(ii) \dxi{x,y) — dx{(pi{x),(j)i{y))\ < holds for any z and x, ?/G Aj where 
dx is the distance function of A. 

GH 

Then for a sequence Xi G Aj and a point x G A we denote Xj —>■ x if 
(pi{xi) X in X. 
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Moreover for a sequence of Borel regular measures Vi on Xi and a Borel 
regular measure v on X, {Xi, dxi,Vi) is said to converge to {X, dx,v) in the 
measured Gromov-Hausdorff sense if 


lim Vi{Br{xi)) = v{Br{x)) 

i—^oo 

holds for any r > 0 and Xi ^ x. 

2.1. Setting. Our setting in this section is the following; 

(2.1a) Let iL S M and let d > 0. 

(2.1b) Let {Xi, gxi, Ji) be a sequence of m-dimensional compact Kahler 
manifolds with RicXi — ^9Xi and diamXj < d where gXi, Ji and 
RicXi respectively denote a Riemannian metric, a complex structure 
and the Ricci curvature of Xi with {gi, Ji) giving a Kahler structure. 
We put n = 2m. 

(2.1c) Let X be the Gromov-Hausdorff limit of {Xi,gxi) and let gx de¬ 
notes the (canonical) Riemannian metric in a weak sense (we give an 
explanation below). 

(2.Id) Let Fi be a sequence of real valued functions L) £ L°°{Xi) with 
L := supj ||L)|li;,oo < oo. 

(2.1e) Let F,J be the L^-strong limits of Fi,Ji on X, respectively. See 
Dehnition 12.21 and 12.31 below for the meaning of strong convergence. 

In this setting it was shown in [271 Theorem 6.19] that {X,gx) is the non- 
collapsed limit of {Xi,gxi), i-e. the Hausdorff (or topological) dimension of 
X is equal to n and that Jo J = —id in L°^{TX®T*X) ~ L°°(EndrX). In 
particular it follows from [H Theorem 5.9] that {Xi, gXi, H'^) converges to 
{X, gx,F[^) in the measured Gromov-Hausdorff sense with 0 < H'^{X) < oo 
where denotes the n-dimensional Hausdorff measure. Note that for every 
sequence Gi £ (M) which converges uniformly to G on every compact sub¬ 

set of M, Gi{Fi) L^-converges strongly to G{F) on X for every p £ (l,oo) 
(c.f. m Proposition 4.1]). In particular, {Xi,gXi,e^^H^) converges to 
{X, gx,e^H^) in the measured Gromov-Hausdorff sense. 

From now on we give a short introduction of the study of Ricci limit spaces 
which are Gromov-Hausdorff limit spaces with Ricci curvature bounded be¬ 
low. 

Cheeger and Golding proved that {X, H^) is rectifiable (see [6], section 5, 
(i), (ii), (iii)). In particular we can construct the (real) tangent bundle 

tt-.TX X 

and define the canonical metric gx on each fibers. Note that the fibers 
TxX are well-defined at a.e. x £ X and that gx is compatible with the 
metric structure in the following sense; For every Lipschitz function / on an 
open subset 17 of X there exists a gradient vector field grad/(x) which is 
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well-defined at a.e. x £ U such that 


I grad/I (x) := gx{grad f, grad/)(x) = lim 

y^x\ d{x,y) ) 

holds for a.e. x £ U. Similarly we can define the cotangent bundle T*X 
with the canonical metric g’^, more generally, the tensor bundle 

r s 

TT ; TJX := I^TX (g) (g)r*X ^ X, 

i=l i=l 

for any r,s £ Z>o, the differential df and so on in an ordinary way of 
Riemannian geometry. We denote by {gx)s fhe canonical metric on TJX 
defined by gx ■ 

Moreover it was proven in [261l27j that (X, H'^) has the canonical (weakly) 
second order (or weak differentiable structure which is compatible 

with Gigli’s one |21j . In particular we can define the Levi-Civita connection, 
the Hessian of a twice differentiable function, the covariant derivative of 
a differentiable tensor field and so on. We give a quick introduction of 
the second order differentiable structure on our setting only for reader’s 
convenience. 

In general, the singular set of a Gromov-Hausdorff limit of a sequence of 
Riemannian manifolds with uniform lower Ricci curvature bound has mea¬ 
sure zero (see [H Theorem 2.1]), however, even if the limit is noncollapsed, we 
do not know whether the singular set is closed. In fact, Otsu-Shioya showed 
in [40] that there exist a sequence of two dimensional compact nonnegatively 
curved manifolds and the noncollapsed compact Gromov-Hausdorff limit Y 
such that the singular set of Y is dense in Y. See Example (2) in page 632 
of [lO] 

Gheeger-Golding proved in [6] that there exist a countable family of Borel 
subsets Ci of X and a family of bi-Lipschitz embeddings 4>i from Ci to M” 
such that 

H" ^X\|jQ^ =0 

(which means that {X,H'^) is rectifiable). 

Since each transition map 

(j^j o {(pi )~^: (piiCi n Cj) 4>j{Ci n cj) 

is bi-Lipschitz, Rademacher’s theorem yields that there exists a Borel subset 
Dij of (Ji(Ci n Cj) such that 

{MCi nCj)\ A,j) = 0 

and that 4>j o ((Ji)“^ is differentiable at every x £ Dij (see Section 3 in [26] 
for the definition of differentiability of a function defined on a Borel subset 
of a Euclidean space). Thus the Jacobi matrix of 4>j o (i;Aj)“^: 

J {4>j ° {4>i)~^) (a;) 
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is well defined for every x G 

It is known that, for any i,j, there exists a countable family of Borel 
subsets of Di j such that 

H- =0 

and that each restriction 

j {(i)j o , 

is a Lipschitz map. We say that the family 

is a second order differentiable structure of 

It was also shown in \n\ Theorem 6.19] that J is compatible with gx and 
that J is differentiable at a.e. x G X with VJ = 0. These mean that [gx^ J) 
gives a Kahler structure in some weak sense. We here do not discuss further 
detail of the above results and just refer to [261127| because one of our main 
applications will be devoted to almost smooth setting and the assumptions 
above are satisfied trivially under almost C^-setting with the C^-Riemannian 
metric, e.g. under the condition that the Ricci curvature has two-side bound 
and the limit is noncollapsing. We shall explain L^-convergence with respect 
to the Gromov-Hausdorff topology in section 2.2. 

We use the standard notations: 


TcX := TX C = T'X © r"X, 

where T'X and T"X are respectively ^/—l and — 1-eigenspaces of J (note 
that we extended gx and J in the C-linear way to T^X respectively. Define 
the Hermitian metric hx by 

hx{u,v) := gxiu,v), 

where v is the conjugate of v. 

T^X := T*X ®R C = {T*X)' © (r*X)", 

where (T*X)' and {T*X)" are V-X and — \/^-eigenspaces of J* which is 
the conjugate complex structure of J and is extended C-linearly to T^X. 
Define the Hermitian metric by 

hx{u,v) := g*xiu,v). 

r s / r ^ \ 

(t;)cX := (g) TcX © (g) T^X ~ (g) TX © (g) r*x ©R c. 

i=i i=i Vi=i i=i J 

We denote the canonical Hermitian metric on this space by {hx)s- 

For a Borel subset H of X and p G [l,oo], let L'^{{Tg)cA) be the set of 
complex valued Borel L^’-tensor helds on A. In particular when r = s = 0, 
that is, the case of functions, we denote by L^{A) the space of C-valued 
L^’-functions on A. For a Borel subset H of X and a C-valued Borel tensor 
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field T of type (r, s) on A we say that T is differentiable at a.e. x £ ^4 if T* 
is differentiable at a.e. x £ ^4 in the sense of [26], where T = ® 

and r* is an M-valued tensor field for each i = 1,2. Then we put VT := 
IVr^. Similarly for a.e. differentiable function /, we define 
9/,a/,grad7,grad'7 by df = df+ df as T^X = {T*Xy © (T*X)" and 
grad / = grad7 © grad'7 as TcX = T'X © T''X. 

For an open subset U of X and p £ (1, oo) let be the completion of 

the space LIPioc,c(f^)) which is the set of C-valued locally Lipschitz functions 
on U, with respect to the norm 

(3) ii/iif,;.»((;) := (^y(ui’' + mn dH'Y”. 

It is easy to check that a C-valued function / on t/ is in if and only 

if /* £ for each i = 1,2, where / = /^ + and H^’P{U) is the 

Sobolev space for R-valued functions dehned by the completion with respect 

to the norm (|3|) of the space LIPioc(C^) of all M-valued locally Lipschitz 

functions on U. In particular for every / £ f is differentiable a.e. 

on U and ||/|7 i,p = (||/||^p + \\df\\%)^/P. 
c 

Recall that the Levi-Civita connection and Chern connection coincide on 
a smooth Kahler manifold. The following is a nonsmooth analogue of this 
fact. 

Proposition 2.1. Let A be a Borel subset of X and let V be a vector field 
on A which is differentiable at a.e. x £ A. IfV{x) £ T'X (resp. £ T"X) 
holds a.e. x £ A, then W{x) £ T'X © Tf^X (resp. £ T"X © Tf.X) holds 
a.e. X £ A. 

Proof. The proof is standard. See for instance page 4 of [45] with VJ = 

0 . □ 

2.2. convergence on complex setting. In [25l [33| the notion of LP- 
convergence of M-valued functions, or more generally, M-valued tensor helds, 
with respect to the Gromov-Hausdorff topology was introduced. In this 
section we extend this to the C-valued case and discuss its applications. 

For the reader’s convenience we first recall the dehnition of L^-convergence 
of M-valued functions |25l [33]. Let p £ (l,oo), let R > 0 and let Xj ^ x, 
where Xj £ Xi and x G X. 

Definition 2.2 (L^-convergence of M-valued functions). Let f,- be a sequence 
in LP{BR{xi)). 

(i) IFe say that fi LP-converges weakly to f G LP{Br{x)) on Br{x) if 
suPi 17* I Up < oo and 

lim [ fidH'^= [ fdH^' 

JBriy) 
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hold for any sufficiently small r > 0 and yi —>■ y, where yi £ Bufxi) 
and y £ Bji{x). 

(ii) We say that fi LP-converges strongly to f G U‘{Br{x)) on Bji{x) if 
fi LP-converges weakly to f G LP{Br{x)) on Br{x) and 

limsup / \fi\PdH^= [ \f\PdH^. 
i->-cxD J Bii(xi) J Bji{x) 

Next we consider the case of vector fields: 

Definition 2.3 (L^-convergence of M-valued vector fields). Let Vi be a se¬ 
quence in LP{TBji{xi)). 

(i) We say that Vi L^-converges weakly to V G LP{TBr{x)) on Bpi{x) if 

supj 11 11 LP < oo and 

lim f gXiiV, grad r^^)dH'^ = [ gx{V, grad r^) dH"^ 

JBriy) 

holds for any sufficiently small r > 0 and yi,Zi ^ y,z, respectively, 
where yi,Zi G Bji{xi), y,z G Br{x) and rz denotes the distance 
function from z. 

(ii) We say that Vi L^-converges strongly to V G LP(TBji{x)) on Br^x) 
if it is an LP-weak convergent sequence and 

lim sup / \Vi]PdH^=[ \V\PdH^. 
i— >00 J J Bji{x) 

The following proposition shows that the weighted version of L^-convergence 
is equivalent to the unweighted version: 

Proposition 2.4. Let Vi be a sequence in LP{TBfi{xi)). Then Vi LP- 
converges weakly to V on Bfi{x) if and only i/sup^ ||Vi||LP < 00 and 

(4) lim [ gxfVi, grad rzi)dHp. = [ gx{V, grad rz) dH^ 

JBr{yi) JBriy) 

hold for any sufficiently r > 0 and yi,Zi ^ y,z, respectively. Moreover Vi 
LP-converges strongly to V on Bp^x) if and only if Vi LP-converges weakly 
to V on Bp(x) and 

(5) lim sup / \Vi\PdHf^.= [ \V\p dH^ 

i—>00 JBnixi) Jbii(x) 

holds. 

Proof. We only give a proof of ‘if’ part because the proof of the converse is 
similar. Suppose that supj l|14jllLP < 00 and (jH) hold. Then by definition, 
e^Wi LP-converges weakly to e^V on Bp{x). Thus V), which is equal to 
LP-converges weakly to 14 = e~^{e^V) on Bp{x) (c.f. p5l 
Proposition 3.48]). 
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Next suppose that Vi L^’-converges weakly to V on B^{x) and that ([5]) 
holds. Then by definition, L^-converges strongly to on 

Br{x). Thus Vi = Vi) L^-converges strongly to 

V = (^e^/C^P^Vj 

on Bfi{x) (c.f. [25l Proposition 3.70]). □ 

We skip the introduction of the definition of L^’-convergence of general 
tensor fields. However note that we can prove the equivalence as in Propo¬ 
sition 12.41 for L^-tensor fields. See [25] for the detail. 

Let r, s G Z>o. 

Definition 2.5 (L^-convergence of C-valued tensor fields). Let Ti he a 
sequenee in L^{{Tg)cBji{xi)). We say that Ti LP-eonverges weakly (or 
strongly, respectively) to T e L^{(Tg)cBji{x)) on Bji{x) ifT( LP-eonverges 
weakly (or strongly, respeetively) to on Br{x) for each j = 1,2, where 
Ti = Tl + and T = 

From the definition we see that many properties for L^-convergence in real 
setting given in [25] can be extended canonically to the complex setting. For 
example we have the following: 

(2.2a) An L^-bounded sequence has an L^-weak convergent subsequence 
(c.f. [25l Proposition 3.50]). 

(2.2b) The L^-norms of an L^-weak convergent sequence is lower semicon- 
tinuous (c.f. |25l Proposition 3.64]). 

(2.2c) If supj||Tj||ioo < oo, then Ti L^-converges weakly (or strongly, re¬ 
spectively) to T on Bpi{x) for some p G (l,oo) if and only if Tj 
PP-converges weakly (or strongly, respectively) to T on Bpi{x) for 
every p G (l,oo) (c.f. [25l Proposition 3.69]). 

(2.2d) The equivalence as in Proposition 12.41 also holds for complex valued 
tensor fields by the same reason. 

(2.2e) Let / be a complex valued Lipschitz function on X. Then by |24( 
Theorem 4.2] there exists a sequence of fi G LIPc(W) with 

sup||d/i||Loo < oo 
i 

such that fi,dfi L^-converge strongly to f,df on X, respectively. 
(2.2f) Let T G L^{{Tf)cBji{x)). Then there exists a sequence of Tj G 
B^{{Tl)cBji{xi)) such that Ti LP-converges strongly to T on Br{x). 
The following Rellich Lemma plays a key role in establishing the spectral 
convergence of weighted {d-) Laplacian: 

Theorem 2.6 (Rellich compactness). Let fi he a sequence in I{^{Bji{xi)) 
with supj ||/j| l^i.p < oo. Then there exist a subsequence fi(^j'^ and f G 

h]^{Br{x)) such that LP-converges strongly to f on Br{x) and that 

dfii^j) LP-converges weakly to df on Br{x). 
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Proof. This is a direct consequence of the real version shown in [251 Theorem 
4.9], □ 


For every I £ {1,... ,r + s} let be the complex structure on (Tf)xX 
defined by 


J^(U1 (g) ■ ■ ■ (g) Ur <8) (g) • • • (g) 

{ Ui (g) • • • (g) Vi-i (g) Jvi (g) Vi+i ■ ■ ■ (giVr <Si (g) • • • (g) v*_f_g ifl<r, 
ui (g) • • • (g) Ur ® (g) • • • (g) (g) J*uf (g) •••(g) v*_f_g if I > r + 1. 


Proposition 2.7. Let p be a sequence in L^{{Tf)cBii{xi)) and let T £ 
L^{{Tf)cBR{x)). Then the following are equivalent. 

(1) Ti -converges weakly (or strongly, respectively) to T on Bn{x). 

(2) For every I £ r + s}, T) and Tf -converge weakly (or 

strongly, respectively) to T' and T" on Br{x), respectively, where 
Tj = 0 and T = T' 0 T with respect to the decompositions by 

±y'—l-eigenspaces of JI and j\ respectively. 

(3) For some I £ r 0 s}, Tj and L'^-converge weakly (or 

strongly, respectively) to T and T on Br{x), respectively. 

Proof. Since JI L^-converges strongly to on X with supj l|Tj||L°o < oo, 
the assertion follows from |25[ Propositions 3.48 and 3.70] and equalities 

T- = \m- v^JiT,), T- =lm+v^JiT,). 

□ 


Remark 2.8. It is a direct consequence of Proposition \2. 7| that the type 
of tensor fields is preserved with respect to the IP-weak convergence. For 
example the L^-weak limit of a sequence of {q, r)-forms is also a {q, r)-form. 


Proposition 2.9. Let f and g be in the set LIPc(-^) of all Lipschitz func¬ 
tions on X. Then 


(6) / h\{df,dg)dH^ = 2 h\{df,dg)dH^ = 2 h\{df,dg)dH^' 

Jx Jx Jx 

In particular. 


[ \df\‘^dH^ = 2[ Idfl'^dH'^ = 2 [ 

Jx Jx Jx 


and 

[ \df\^dH^k [ \df\^dH^^ [ \df\‘^dH^, 

Jx Jx Jx 

where for any nonnegative real numbers a,b, a b means that there exists 
a positive constant C := C{L) > 1 depending only on L such that C~^b < 
a < Cb holds, L being the constant in (2.Id). 
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Proof. By (2.2e), there exist sequences fi and gi € LlPc(-^i) such that 


sup {\\dfi\\L°° + \\dgi\\L^) < oo 
i 


and that fi,dfi,gi and dgi L^-converge strongly to f,df,g and dg on X 
respectively. By the smoothing via the heat flow (c.f. ^m\) without 

loss of generality we can assume fi,gi S C^{Xi) for every i < oo, where 
C^{Xi) is the set of C-valued smooth functions on Xi. Since A = 2Aq 
holds on smooth setting, we have 


(7) 


/ h*^^{dh,dgi)dH^ = 

JXi 


{AfifYidH'-' 


IXi 



dH^. 


Thus since Proposition 12.71 yields that dfi and dgi L^-converge strongly to 
df and dg on X respectively by letting f —)• oo in ([7|), we have 


/ h\{df,dg)dH'^ = 2 h*x{df,dg)dH^‘ 
lx Jx 


Similarly we have 


lx 


h\{df,dg)dH^ = 2 [ h\{df,dg) 
Jx 


dH^. 


This completes the proof. 


□ 


Remark 2.10. By Provosition \2.9\ the completion o/LIPc(A) with respect 
to the norm 

d/i" + mf) dm) 

coincides with H^'^{X) (however the norms are different). 

Corollary 2.11. Let fi be a sequence of {Bn{xi)) with 


sup ( [ (I/ip + ] < oo, 

* \dBR{xi) J 

and let f be the L'^-weak limit of them on Bji{x). Then for every r < R 
we see that f\Br{x) S dL^ {Br{x)), that fi Lf -converges strongly to f on 
Br{x) and that dfi Lf-converges weakly to df on Br{x). Moreover if dfi 
Lf -converges strongly to df on Bs{x) for some s < R, then df Lf -converges 
strongly to df on Br{x) for every r < s. 

Proof. This follows directly from Theorem 12.61 and the following claim: 
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Claim 2.12. Let f S with 



dH^ < L. 


Then for every r < R we have 



The proof is as follows: Let r < R and u := (r + -R)/2. Let gr^R be the 
Lipschitz function on M defined by 


9r,R{t) 


1 if t < r, 

< ^ ifr < t < n, 
0 if tt < t, 

V — ' 


and let G = be the Lipschitz function on X defined by G{y) := 

gr,Ridx(x, y))■ Then since |VG| < G{r,R), we have Gf € and 


[ \d{Gf)\^dH^<C{r,R,L), 
Jx 


Proposition 12.91 gives 

[ \df\^dH^<[ \diGf)fdH^ = 2 [ \diGf)\^dH^ <C{r,R,L). 

JBrix) Jx Jx 

This completes the proof of Claim 12.121 

Claim 12.121 with Theorem 12.61 yields that for every r < R we see that 
f\Br{x) € that fi L^-converges strongly to / on Br{x) and that 

dfi L^-converges weakly to df on Br{x). 

Next we suppose that dfi L^-converges strongly to df on Bs{x) for some 
s < R. Let r < s, let Gi := G^^^ and let G := Gf g. Then since drx^ 
L^-converges strongly to dvx on X (c.f. [251 Proposition 3.44]), we see that 
Gi,dGi L^-converge strongly to G,dG on X, respectively. Note that Gifi G 
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Hh‘^{Xi) and Gf £ Hh^{X) hold. Proposition 12.91 and the assumption give 


c 

2 7 Tjn 


hm [ \d{Gih)\^dR 

JXi 


= 2 1im / \diGJi)\^dH^ 

= 2 1im [ {\fi\‘^\dGi\^+JiGihxMudGi) 


+ fiG^hxAdGudfi) + \Gi\^\dM^) dH^' 


= 2 / {\f\^\dG\^ + fGhx{df,dG) + fGhxidG,df) + \G\^\df\^) dH^‘ 

J Br{x) 

= 2 [ \d{Gf)\‘^dH^ 

Jx 


[ \d{Gf)\ 

JX 


^dH^. 


Thus d{Gifi) L^-converges strongly to d{Gf) on X. By restricting this on 
Br{x) we have the assertion. □ 


3. Weighted Laplacian on the limit space 

3.1. Weighted Laplacian and weighted d-Laplacian. From now on we 
consider the weighted measure; 

dHl^ ;= dF”. 

As stated in 2.1, this measure converges to e^dH"' in our setting. Let U be 
an open subset of X. 

Remark 3.1. The completion ofhIPc{U) with respect to the weighted norm 

coincides with (but the norms differ) because 0 < C'i(L) < e^ < 

G 2 {L) < oo holds, where Gi{L) is a positive constant depending only on L 
in (2.Id). 

Definition 3.2 (Weighted Laplacian). Let P^(A^,C/) be the set of f £ 
such that there exists g G L'^{U) satisfying 


( 8 ) 


/ h*x{df,d<f) dH^= [ gfdH^ 

lu Ju 


for every f G LIPc,c(t ^)7 where LIPc,c(b^) is the space of C-valued Lipschitz 
functions on U with compact support. Since g is unique we denote it by 
A^f. 
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If F = 0, then we put A := 

Recall that we can define A^ as real operator as follows: Let , U) 

be the set of / G H^'‘^{U) such that there exists a real valued L^-function 
g G L^([/) satisfying ([8]) for every (j) G LIPc(C/), where L‘^{U) is the set of M- 
valued Borel L^-functions on U and LIPc(C/) is the set of M- valued Lipschitz 
functions on U with compact support. In this case since g is unique we 
denote it by A^/, or A^/ because the following proposition holds: 

Proposition 3.3. Let / = /^ + be a function on U. We see that 

f G P^(A'^, U) holds if and only if /* G P^(A^, U) holds for each i = 1,2. 
Moreover if f € , U), then A^/ = A^/^ + 

Proof. It is a direct consequence to substitute / = /^ + and (/> = 

4>^ + in dS]). □ 

Corollary 3.4. Let f G Vl{A^,U). Then f G P^(A^,t/) with A^f = 
A^ f. Moreover we have the following: 

(1) The eigenvalues of A^ are nonnegative real numbers. 

(2) For any f G V‘^{A^,X) and X > 0, f is a X-eigenfunction of A^ if 
and only if P is a X-eigenfunction of A^ for each i = 1,2, 

Proof. Proposition l3.3l vields / G 'D^{A^, U) with A^f = A^p 

Wf. 

Let / be a A-eigenfunction of A^. Since 

0< / h\{df,df)dHf,= [ [A^f)JdHf, = X I \f\^dH% 

Jx Jx Jx 

A is a nonnegative real number. Therefore 


A^f = A^ 


f + f\ A^f + APf 


= A/^ 


Similarly we have A^p = Xp. This completes the proof. 


□ 


We now give the definition of weighted 5-Laplacian. 

Definition 3.5 (Weighted (9-Laplacian). Let P^^A^,U) be the set of f ^ 
such that there exists g G L‘^{U) satisfying 

(9) / h*x(df,dpdH^= [ g'^dH^F 

Ju Ju 

for every (j) G LIPc,c(fA)- Since g is unique we denote it by A^/. 

If F = 0, then we put A^ := A^. 

The following relationship between A and A^ is well known on smooth 
setting: 

Proposition 3.6. We have V'^{A,U) = V'^{Aq,U) for every open subset 
U of X. Moreover for every f G V‘^{A,U) we have 

A/ = 2AQf. 
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Proof. This is a direct consequence of the following: 


Claim 3.7. Let f € and let g £ LIPc,c(f^)- Then 

[ h*x{df,dg)dH^ = 2 f h*x(df,dg)dH^- 
Ju Ju 


The proof is as follows. There exists (p £ LIPc(C/) such that 0|suppg = 1- 
Then since it is easy to check that 4>f £ ([6]) gives 

/ h\{df,dg)dH^ = [ h*xmf),dg)dH^ 

Ju Jx 

= 2/ h*xmf),dg)dH^ = 2 f h\{df,dg)dH^. 

Jx Ju 

□ 


The eigenvalues of on X are also nonnegative real numbers because 
[ {ATu)vdH^= [ h*x(du,dv) dH^ = [ uA^dH^ 

Jx ° Jx Jx ° 

holds for any tt,u £ P^(A^,X). 

Proposition 3.8. Assume that H'^{X \ U) = 0 and that the inclusion 

is isomorphic, where Hc’‘^{U) is the closure of LlPc{U) in H^’‘^{X). Let 
f £ H^‘^{X) with f\u £ V}.{Aq,U) (or f\u £ 'D^{A^,U), respectively). 
Then f £ 'D^{Aq,X) (or f ^ 'D^{A^,X), respectively). 

Proof. We only give a proof in the case of A^. 

Let g £ LIPc(A). By the assumption, there exists a sequence gi £ 
LIPc,c(L^) such that gi ^ g in H^‘^{X). Then since 

[ hx(df,dgi)dH^= [ {A^f)TidH^, 

J X J X 

letting i —>■ 00 shows that / £ T>|.(A^, X). □ 

Remark 3.9. In general, i/dim//(A \ U) < n — 2, then the inclusion 

is isomorphic. See for instance ISD Theorem 4.6], [32l Theorem 4.13] and 
[42l Theorem 4.8]. Moreover if X\U satisfies a good regularity (e.g. it is a 
submanifold), then the above isometry hold even if dimniX \ U) = n — 2. 

We end this section by giving a relationship between A^, A|^ and A, A^, 
respectively, which are well-known on smooth setting. 

Proposition 3.10. Suppose F\if £ Then for every f £ 

we have the following equivalence: 
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(1) If gy(df,dF) S LfiU), then f S VpiA^^U) holds if and only if 
f e Vl{A,U) holds. In this case A^f = Af - g\{df,dF). 

(2) If hx{df,dF) e L'^{U), then f € T>^{A^,U) holds if and only if 
f € V‘^{Ag, U) holds. In this case A^f = Agf — h\{df, dF). 

Proof. We give a proof of ‘only if’ part of (2) because the proofs of the other 
cases are similar. 

Let / G V‘^(A^, U) and let cf G LIPc,c(h^)- Since e~^(j) G LIPc,c(h^)) we 
have 


l^{Alf)c/,dH^ = j^{Alf)e-Fc/)dH^ 


dm 


[ h*x{df,d{e ^(p)) 

Ju 

[ h*x (df, -e-^cpdF + e-^dcp) dm 
Ju 

- [ h*j,{df,dF)^dm+ [ h*x (dfM) dH^‘ 
Ju Ju 


Thus 


{df,dcp) dm = ^ [A^f + h\ {df,dF)) (fdm- 

This completes the proof. 


□ 


Remark 3.11. Similarly we can define the weighted d-Laplacian, Ag, and 
prove similar results above. By combining Remark 2.10 with Theorem 1.2.61 
we see that the spectrums of A^, Ag and A^ are discrete and unbounded, 
and that each eigenspace is finite dimensional. 


Remark 3.12. For any q G (l,oo) and p G [l,oo), let {A^, X) be the 
set of f £ m’^{U) such that there exists g G L^{U) such that ^ holds for 
every (p G LIPc(^). Since g is unique, we also denote it by A^f. Then by 
the proof of Promsition \3.1IA for every f G V'^{A^, U) (or f £ V^{Ag, U), 
respectively), we have f £ V^^{A-g,U) (or f £ V^^{A^,U), respectively) 
with A^f = Agf - h*x(df,dF). Note that V‘^'^{A^, U) = U). 

3.2. Spectral convergence. From now on we will discuss the behavior 

of A|^ with respect to the Gromov-Hausdorff topology. We hrst show the 

spectral convergence. Note that by Proposition 12.91 the smallest eigenvalue 

of A^ on X is 0. 
a 

Proposition 3.13. For every k >1 we have 

hm Afc(Af,Xi) = Afc(Af,X), 

1^00 Cf o 

where Xk{A^,X) denotes the k-th positive eigenvalue of A^ on X counted 
with multiplicity. 
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Proof. This is a direct consequence of Theorem 12.61 and min-max principle. 
However we give a proof in the case k = 1 for reader’s convenience (c.f. m 
Theorem 1.5]). 

We first prove the upper semicontinuity of Ai(A^hXj). Recall that 


Ai(A^,A) = inf 




where / runs over all nonconstant Lipschitz functions with 


(10) / fdH^ = 0. 

Jx 

Let / be a nonconstant complex valued Lipschitz function on X with (llOp . 
Then by (2.2e), there exists a sequence of fi G LIPc(ALj) with 



f^dH^^=0 


such that fi,dfi L^-converge strongly to f,df on X, respectively. Thus 



Since / is arbitrary, we have 


IxMdH^^ 


Jx\df\^dH^ 

Ix\f\^dH^ ■ 


limsupAi(A|'% W) < Ai(A|,X). 
2^00 


Next we prove the lower semicontinuity. Let fi be a sequence in Xi) 

with 

Af/i = Ai(Af,W)/, 

and 

[ \M^dH^^ = l. 

JXi 

Then it follows from 

[ \dM^dH^^= f (Af7*):Ad^F. =Ai(Af,W) 

and the upper semicontinuity of Ai(A^%Xj) that supj ll/il|r 7 i ,2 < oo holds. 
Thus by Theorem 12.61 without loss of generality we can assume that there 
exists / G H^‘^{X) such that fi L^-converges strongly to / on A and that 
dfi L^-converges weakly to df on X. In particular Proposition 12.71 yields 
that dfi L^-converges weakly to df on X. Thus by the lower semicontinuity 
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of the L^-norms of an L^-weak convergent sequence, we have 


liminf Ai(A^%Xj) = liminf [ \dfi\‘^dHp^ 

i—>-oo ^ i^oo J ^ 

> [ \df\^dH^ 


> Ai(Af,X), 


where we used 


and 


[ \f\^dH^=hm [ \n\^dH^^ = l 
Jx JXi 


[ fdH^= hm [ f^dH^^=0. 
Jx JXi 

This completes the proof. 


□ 


Proposition 3.14. Let f be the Lp‘-weak limit on X of a sequence of fi G 
'D‘^{X^\Xi) with 

sup(||/i| 1 ^ 1,2 + \\A^^fi\\p 2 ) < oo. 
i c 


Then we have the following: 

(1) /GP2(A|,X). 

(2) fi, dfi LP'-converge strongly to /, df on X, respectively. 

(3) fi L'^-converges weakly to A^f on X. 

Proof. By Theorem 12.61 we see that / G that fi L^-converges 

strongly to / on X and that dfi L^-converges weakly to df on X. By the com¬ 
pactness of L^-weak convergence, without loss of generality we can assume 
that there exists the weak limit G G L^(X) of fi- Let cj) G LIPc(X). 
By [211 Theorem 4.2] there exists a sequence (fi G LlPc(Xj) such that (^i, 
L^-converge strongly to (f, dcf on X, respectively. Proposition [2]7] yields that 
dfi L^-converges weakly to df on X and that dcfi L^-converges strongly to 
d(j) on X. Since 

f hxPdhMi)dHl= j {Api)J,dHf,^, 


by letting z —>■ oo we have 

^ hx(df,d(f)dH^ = I G~^dH'^. 


/X 


L 


This gives (1) and (3). 
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On the other hand 


hm / \dh\^dH^^ = hm / 

1^00 J^. 1^00 J V Cf 


fXi 


dH^ 


= X(Af/)7 

= [ \df\^dH^. 

Jx 

Thus by Proposition 12.41 dfi L^-converges strongly to df on X. Therefore 
Corollary 12.111 gives (2). 


□ 


Proposition 3.15. For any r < R and f G H^'^[Br{x)) we have 

2 


( 11 ) 


1 


< C{n,K,R,L)- 


f- 


1 


H-{Brix)) 


fdm 


dm 


\df\^dH^. 


H-{Br{x)) 

Proof. It is a direct consequence of [HI Theorem 2.15] that (lll|) holds if 
F = 0. Since e~^ < e^ < e^ and the left hand side of IfTT]) is equal to 


inf 


ceC \H^{Br{x)) Jb,(x) 


\f-c\^dmB 


we have 




- c? dm 


5.(x)) Ib^^x) 

< C(n, K, R, L) inf ( ^ f \f - cp dH 

cGC ym{Br{x)) Jb,(x) 


< C{n,K,R,L) 


< C{n,K,R,L) 


\df\^dm 


m{Br{x)) Jb,(x) 


H^{Br{x)) JB^ix) 


[ \df\ 

J Br (ai) 




This completes the proof. □ 

Proposition 3.16. Let g G L^(A). Then there exists f G 'D^{A^,X) such 
that A^f = g holds if and only if 


( 12 ) 


/ gdmB = t). 

Jx 


Moreover f as above is unique if 


(13) 


/ dHf, = 0. 


IX 
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Thus we denote it ^9- 

Proof. We give a proof of ‘if’ part only because the proof of ‘only if’ part 
is trivial. Suppose that (fT^ holds. Let (X) be the closed subspace of 
/ G Hh‘^{X) with (fT^ . Then by Propositions 12.91 and 13.151 we have 


/ \f\^dH^<Cin,K,d,L) / \df\^dH^ 
lx J X 


f1,2 


for every / G i/c particular 


Tyi.2 : = 


_2 

gives a Hilbert norm on (X) which is equivalent to 


\df\^dH^ 


’X 


1/2 




Let us 




consider a C-linear functional J- on (X) defined by 

X{(f) := [ 4>gdHf^. 

Jx 

The Riesz representation theorem yields that there exists a unique / G 
_ 1 2 

Hfi (X) such that 

[ h*^(dcf,df)dH^ 

Jx 


for every cf G h\^{X). Then it is easy to check that / G V‘^{A^,X) with 
~ 9- uniqueness also follows from the argument above. □ 

Proposition 3.17. Let g he the L'^-weak limit on X of a sequenee of gi G 
L‘^{Xi) with 


[ gidH^^=0. 
JXi 


Then{A^') (i((AL‘) ^gf) L'^-eonverge strongly to {AL) ^g,d{{AL) ^g) 
on X, respectively. 




Proof. Let /* := {A^') ^gi. Propositions 12.91 and 13.151 yield 

[ m^dH^^<Cin,K,d,L) [ \df,\^dH^^ 

JXi JXi 


<C{n,K,d,L) g^fidH^^ 

JXi 

<C{n,K,d,L)( [ \g^\^dH^) ([ \f, 

\Jxi J \Jxi 




1/2 


In particular we have supj H/iH rri.a < oo. Thus by Theorem 12.61 and Propo¬ 


sition 13.141 without loss of generality we can assume that there exists / G 

21 








such that fi,dfi L^-converge strongly to /, df on X, respec¬ 
tively and that fi L^-coiwevges weakly to A|^/ on X. Since = 9 
and 

/ fdH^ =lim [ fidH^^=0, 

Jx Jx 

we have / = {A^)~^g. This completes the proof. □ 

Remark 3.18. Similar results as above also hold for and Aq . 
Proposition 3.19. Assume that H'^{X \ 17) = 0 and that the inclusion 

is isomorphic. Let f be a complex valued function on U such that f\o S 
for every relatively compact open subset O of Lf and that df G 
LP‘{{T*U)'’) (ordf G L‘^{{T*U)'), respectively). Then we have the following: 

(1) There exists u G H^‘^{X) such that df = du on U (or df = du on 
U, respectively). 

(2) If f^L\.{U), then f ^Hlf{X). 

In particular, the map 

defined by the restriction is isomorphic. 


Proof. We only give a proof of the case of df G L^((T*[/)"). We first assume 
/ G L^{U). By our assumption of the isomorphism Hc{U) H^’‘^{X), 
there exists a sequence fi G LIPc,c ([/) such that (/)i ^ 1 in Il)f (X). We 
use the following notation; for any real valued function g and Li < L 2 , let 



L 2 iig{x)>L2, 

< g{x) if Li < g{x) < L 2 , 
Li ifg{x)<Li. 


Since {4>i)o G LIPc,c(t^) converges to 1 in without loss of generality 

we can assume that 0 < 0* < 1. Then since <^i/ G H^‘^{X), we have 


[ \dicfJ)\^dH- 

JX 

= 2 / \d{cfif)\^ dH'^ 

Jx 

= 2 [ {\<p^\^\df\^ + \fdcfif + )^Jh*x{dfM) + <fifh*xm,df)) dH^. 

Jx 

In particular, since cfif —)• / in L^(X) and 


limsup f \d{4>if)\‘^ dH^ < 00 , 
i—^oo J X 


we have / G H^‘^{X). 
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From now on, we prove Proposition 13.191 for general /. For every L > 1, 
let fi := {fi)^L + V^{f2)-L- Note that fi G L°°{X), th^t filo G 
for every relatively compact open subset O of 17 and that dfi G L‘^{{T*Uy') 
with 


\dfL\^dH^< 


lx 


[ \dff 
Jx 


dH^‘ 


Thus from the above, we have fi G By Theorem 12.61 and Propo 


sition [3T5l there exist u G H^‘^{X) and a sequence Li 
functions 


oo such that the 


(14) 


hi - 


1 


Jx 




converges to u in L^(X) and that dfii LJ converges weakly to du on X. 

On the other hand, since f = /l on Dl := {x G X; \ f{x)\ < L}, we have 
df{x) = dfhx) for a.e. x G (see for instance [3l Corollary 2.25]). Thus 
we see that converges weakly to df on X. This completes the proof 

of (1). 

Moreover if / G Ly{X), then since the functions (|14p converges to 

/-^ / fdH^ 

m{X) Jx 

in LI^{X), we have (2). □ 


3.3. The covariant derivative in the manner of Gigli. In this 
section we define for vector fields on nonsmooth setting in the manner 
of |21] . For that, let us start giving an observation on smooth setting (note 
that in this section we will always consider the nonweighted case). 

Let {M, qm , J) be a compact Kahler manifold and let 17 be a smooth 
C- valued vector field on M. Then it is easy to check that 

/o grad fi (g) (i/ 2 ) = 5m(/o grad"/2, grad guiV, grad /i)) 

- /o 5 M ( V, Vgrad" /2 grad fi ) 

for any fi G C^{M), where VP = V'P © V"P with respect to the decom¬ 
position TcX © T^X = (TcX © {T*Xy) © (TcX © (T*X)"). In particular 

(15) [ /o 5 m(V'V, grad/i© #2)^77" 

J M 

= [ (-div(/ograd'72)5M(P,grad/i) -/o5m(P, Vgrad "/2 (ii7”. 

J M 

Note that this gives a characterization of X"V, that is, if some T G L^(rcM© 
Ty.M) satisfies 



/o 9m{T, grad fi © d/ 2 ) dH"^ 



(-div(/ograd"/2)5M(P, grad /i) - /o 5 m(P, Vg^ad"grad /i) dH^. 
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for any fi G C^{M), then T = V"V in Ll{TcM 0 T^M). This follows 
directly from the fact that the space 
N 

/o,igrad/i,i (g) df2,i ; N gN, fj^i G C^iM) 

i=l 

is dense in L‘^{TcM 0 T^M). 

We will extend this observation to our singular setting. For this purpose 
we first give the following definition: 


Definition 3.20 (Divergence). Let 'D‘^{div,U) be the set of V G L‘^{U) 
such that there exists f G L‘^{X) satisfying 

[ gx (V, grad h) dH^ = - [ fhdH^ 

Ju Ju 

for every h G LIPc,c(t^)- Since f is unique, we denote it by divF. 

Proposition 3.21. Let V be the L'^-weak limit on Bji{x) of a sequence 
Vi G Pc(div,5/j(xi)) with 

sup I |div Vi| 1^,2 < oo. 
i 

Then we see that V G P^(div, and that divV) Lp'-converges weakly 

to divF on Bji{x). 


Proof. By the compactness of L^-weak convergence, without loss of gen¬ 
erality we can assume that there exists the L^-weak limit / of divV) on 
Br{x). Let h G LIPc,c(-B_r(x)). By (2.2e), there exists a sequence hi G 
LIPc,c(-B_R(a:)) such that hi, dhi L^-converge strongly to h, dh on X, re¬ 
spectively. Since 

[ 9Xi {Vi, grad hi) dH'^ = - f (div Vi)hi dH^, 
we obtain by letting i ^ oo 



This gives V G V‘^{diY, Bji{x)) with divP = /. 


□ 


Remark 3.22. It is a direct consequence of simple calculation that for any 
V G V‘^{div,U) and f G LIPioc,c(^) II4 /’I|l°° < oo, we have fV G 
P^(div, U) with 

div{fV) = gxigi'adf, V) + fdivV 

Proposition 3.23. Let f G V‘^{A,U). Then for every open subset W 
of X with W d U, we have grad"f\w £ P^(div, IT) with div (grad"/) = 
tr(Vgrad"/). 
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Proof. We first prove the assertion under the assumption U = X. Let 
g := A/. By (2.2e), there exists a sequence of gi G C^{Xi) with 


L 


9idH'^ = 0 


such that gi L^-converges strongly to g on X. Let fi := A ^gi. Note that 
by m Theorem 1.1] with Proposition 13.31 (or Remark 13.181) we see that 
fi, dfi L^-converge strongly to /, df on X, respectively and that Hess/. 
L^-converges weakly to Hess/ on X. Since 

(16) div(grad'7i) = tr(Vgrad'7i) 

and 

1 


Vgrad fi = 


V (grad fi + grad /*) j 

iV grad fi + V (J grad /) 


with |VJgrad/j| = |Vgrad/jl, letting i ^ oo in (fT6l) with Proposition 13.211 
and [25l Proposition 3.72] yields the assertion. 

Next we prove the assertion for general U. Since the statement is local, it 
suffices to check the assertion under U = for some R > 0 and x G X. 

Let r < R. By [25l Corollary 4.29], there exists (f G 'D^{A,X) n LIP(X) 
such that 0 < (/> < 1, that 4>\Br.(x) = 1) supp(/) C Bfi{x) and that 
A(j) G L°°{X). From [271 Theorem 4.5], we have cpf G T>'^{A,X). Since 

div(grad"((/>/)) = tr(Vgrad"((^/)), 

by restricting this to Br{x) with Remark 13.221 we have the assertion. □ 

In order to define X” for vector fields in the manner of m, we recall the 
test class of M-valued functions, TestF(A), defined by Gigli [21] as follows: 

TestF(A) := {/ G V^{A, X) n LIP(A); A/ G H^’‘^{X)}. 

We define the complex version of this as follows: 

TestcF(A) := {/ G P^(A, A) n LIPc(A); A/ G H^f^X)}. 

Proposition l3.3l vields that for every C- valued function f on X, f G TestcF(A) 
holds if and only if /* G TestF(A) holds for every i = 1,2, where / = 
and /* is M-valued. On the other hand it is known in [211127] 
that the space 

Test(riA) - hi grad fi,i ® d/ 2 /; A G N, fj,i G TestFxj 
is dense in L?‘{TX (S) T*X). This gives that the space 

Testc((r7cA) hi grad /i/ ® dh,i-, A G N, /// G TestcFAl 


. i=l 
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is also dense in L^(TcX 0 T^X). 


Definition 3.24 (V" for vector fields in the manner of Gigli). Let P^(V", X) 
be the set of V G L‘^(TcX) such that there exists T S L‘^{TX iSiT^X) sat¬ 
isfying 
(17) 

[ fo 9x {T, grad fi (g) df 2 ) dH^ 

Jx 


= f (-div(/o grad” f 2 ) gx{V, grad fi)-fo gx{V, Vg^ad"/a grad /i) dW 

J X 

for any fi G Testci^(^)- Since T is unique, we denote it by V'V. 


The following stability result for with respect to the Gromov-Hausdorff 
topology plays a key role in this paper: 

Proposition 3.25. Let V be the L"^-strong limit on X of a sequence ofViG 
, Xi) with supj ||V"Vi||j ;^2 < 00. Then we see that V G V^(V”,X) 
and that VVi L?-converges weakly to V'V on X. 

Proof. By the compactness of L^-weak convergence, without loss of gener¬ 
ality we can assume that there exists the L^-weak limit T of V'Vi on X. 
We first prove: 


Claim 3.26. The equation |i7D holds if Xfi G LIPc(^) holds for * = 1, 2. 

The proof is as follows. Suppose that A/j G LIPc(^) holds for i = 1, 2. 
Let gi := A/j. By (2.2e) there exists a sequence of gi^j G LIPc(Aj) such 
that supjj 11 ^ 51 ^ 111 ,°° < 00 , that 



gij dH'' = 0 


and that gi^j, dgij L^-converge strongly to gi, dgi on X, respectively. Let 
fij := A~^gij. By Proposition 13.31 Remark 13.181 [271 Theorems 1.1 and 
4.13], we see that fij G LIPc(Aj), that supjj ||/ij||L'^ < 00, that fij, dfij 
L^-converge strongly to fi, dfi on X, respectively, and that Hessj. ^ 
converges weakly to Hessj. on X. In particular, fij G TestcT(X) and df 2 j 
L^-converges strongly to (i /2 on X. Since 



Vi, grad fij (g) df 2 ,j) dH'" 



-div(/o,igrad'72,i)ffXj grad fij) 


-fojgxj {Vj, Vgrad"grad /i j)) dH'", 

by letting / —)• 00 with Proposition 13.211 we have Claim 13.261 

The following is shown in m Proposition 7.5]. For reader’s convenience 
we give the proof: 
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Claim 3.27. Let g G Testc-^(-^)- Then there exists a sequence G 
Testc-^(-^) with Agk G LIPc(-^) and sup^. ||d5fc||L°° < oo such that gk, Ag^ —■ 
g,Ag in respectively. 

The proof is as follows. Let 

h5,egk ■— hs{ht9k) T V ^f^s{ht9k)'> 

where 9k = 9k L- ht is the heat flow on X and ht is a mollified heat 

flow defined by 


l^t9k ■ — 


1 r 

t Jo 


hs9k4>{st )ds 


for some nonnegatively valued smooth function (p on (0,1) with 

-1 

4>ds = 1 


/ 


(see for instance [T] for the heat flow and [211 (3.2.3)] for a mollified heat 
flow). From the regularity of the heat flow [H ET] with Proposition 13.31 we 
have the following: 

(a) hs^e9 G TestcT(X). 

(b) Ahs,e9 G LIPc(X). 

(c) SUP5_^<1 ||V(/l5^e£)||LoojC OO. 

(d) h5,e9, J^hs,e9 he 9 , Ahe9 in Hlf‘{X), respectively as d 0. 

(e) h^g, Ah^g —>• g, Ag in H^'^{X), respectively as e ^ 0. 

This completes the proof of Claim 13.271 

We are now in a position to finish the proof of Proposition 13.251 Let 
fi G TestcT(X). Then Claim 13.271 yields that there exists a sequence 
fij G TestcT(X) such that Afij G LIPc(X), that supjj ||V/ij||Loo < oo, 
and that fij,Afij fi,Afi in H^‘^{X). Note that by [25l Theorem 1.2], 
Hessj. L^-converges weakly to Hessj. on X. Claim [3^.261 yields 

/ fo,j9x (T, grad fij ® d/ 2 j) did” 

Jx 

-div(/ojgrad'72j)5'x(k^,grad/ij) - hj9x{V,X. grad/ij^ did”. 
00 we have V G 'D^{V", X) with V"V = T. This completes 


lx 


By letting j 
the proof. 


□ 


We end this section by giving a compatibility between our setting and 
smooth setting: 

Proposition 3.28. Suppose that {U, gxlu^Jlu) is cl smooth Kdhler man¬ 
ifold. Then for every V G C^{U), V'V in the sense of Definition jS.Sj] 
coincides with the ordinary one. 
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Proof. Let S := V'V be as in the sense of Definition 13.241 and let T := V'V 
be as in the ordinary sense. From (jl5j) and Definition 13.241 we have 


/ ax (*5, /o grad /i (g) (i/ 2 ) = [ 9x {T, fo grad fi ® (i/ 2 ) dH'"' 

Ju Ju 

for any fi G Cf°^{U). Since the space 


N 


^ fo,i grad /i,i (g) df 2 ,i] iV G N, fj^i G C'^(D) 


. 2=1 


is dense in L‘^{TcU (g) T^U), we have S = T. 


□ 


4. Fano-Ricci limit spaces 

4.1. Definition of Fano-Ricci limit spaces. In this subsection, besides 
(2.1a) - (2.1e), we add the following assumptions: 

(4.1a) Xi is an m-dimensional Fano manifold with the Kahler form oji in 
27rci(Xj) for every i. 

(4.1b) For every i, F) is the Ricci potential, i.e. 

Ric(ti;i) — 0Ji = \f^ddFi. 
with the normalization 

„Fi, m 

e uji — Lo , 
dXi 

or equivalently Hp,{Xi) = H'^{Xi). (Recall n = 2m.) 

Then we call {X, gx, J, F) the Fano-Ricci limit space of {Xi, gxi, Ji, Fi) or 
the Fano-Ricci limit space for short. Since Fi is uniquely determined by gXi 
we shall omit F and F), and write {X,gx, J) and {Xi,gxi, Ji) if no confusion 
is likely to occur. 

Theorem 4.1 (Weitzenbock inequality). Let f G V‘^{X^,X). Then we 
have grad'/ G V‘^{V", X) with V"grad'/ G L‘^{T^X (g) (T^X)") and 

(18) [ \A§f\^dH^> j |V"grad7|'d2/^+ [ \WdHf,. 

J X J X J X 

Proof. Let g := A^f. By (2.2e), there exists a sequence of gi G C^{Xi) 
such that gi, dgi L^-converge strongly to g, dg on X, respectively and that 



Let fi := {A^') ^gi. Propositions 12.71 and 13.171 yield that dfi L^-converges 
strongly to df on X. Now we use the Weitzenbock formula on a Fano 
manifold (see m page 41]) 

(19) f \A^^M^dH^^= f |V"grad7*Pd2?]^,+ / dH^. 
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In particular we have supj ||V"grad'/jl| 2,2 < oo. Thus by Remark 12.81 and 
Proposition l.S.25[ we see that grad'/ G P^(V", X), that V"grad'/ G L‘^{T^X® 
T"X) and that V"grad'/i L^-converges weakly to V"grad'/ on X. Thus by 
taking i —)■ oo in (fT9|) we have (fT8]) . □ 

Corollary 4.2. ITe have the following. 

(1) Ai(Af,X)>l. 

(2) If f G T>'^{A^,X) with A^f = f, then V"grad'/ = 0. In particular 
if {U,gx\u^ J\u) is a smooth Kdhler manifold with F\if G C°°{U), 
then f\u G C^{U) and grad'/ is a holomorphic vector field on U. 

Proof. Let / G T>q{{A^,X) be a A-eigenfunction of on X. Then Theo¬ 
rem 14.11 yields 

(A-1)/ \f\^dH^> [ |V"grad'/|2dF^. 

Jx Jx 

This proves (1). This also shows that if / G V‘^{{A^,X) with A^f = / 
then 

V"grad'/ = 0. 

Finally we assume that ([/, gx\u^ J) is a smooth Kahler manifold with G 
C°°{U). Then Proposition 13.101 and the elliptic regularity theorem yield 
f\u G C^{U). Thus Proposition 13.281 yields that grad'/ is a holomorphic 
vector field on 17. □ 

Remark 4.3. Corollary \4.i^ with Provosition \2.9\ gives that a C-linear map 

4>:Ai=Ai(X) := {/G (a|, A); Af / =/} 

^ LliT'X) n {P G P^(V", A); V"P = 0} 

defined by ^{f) := grad'/ is injective. 

Let i)iiX) be the set of P G L‘^{T'X) with P = grad'u for some u G Ai 
(i.e. = $(Ai)). It is known ([TC], [IT] ) that, if {X,gx,J) is a smooth 

Fano manifold, then f)i (A) coincides with the space of all holomorphic vector 
fields on A. 

Proposition 4.4. Let p G fii(A'j) be a sequence with supjl|p||i 2 < oo. 
Then there exist a subsequence {i{j)}j and V G such that I?'- 

converges strongly to V on X. In particular, 

limsup dim f]i(Aj) < dimf)i(A) < oo. 

2—>-00 

Proof. Let Ui G Ai(Aj) with p = grad'uj. By the proof of Proposition 13.171 
we have supj l|uj|| „i .2 < oo. Thus by Theorem l2.6l without loss of generality 

we can assume that there exists the L^-strong limit u G (A) of Ui on 
A. Proposition 13.171 gives that Ui,dui L^-converge strongly to u,du on A, 
respectively. In particular, by Propositions 12.71 and 13.141 we see that u G Ai 
and that grad'uj L^-converges strongly to grad'u G ^i{X) on A. 
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Note that the finite dimensionality of ^i{X) follows from that of Ai. Thus 
this completes the proof. □ 

Remark 4.5. It is easy to check that the similar results as above hold even 
if each {Xi, gxi, Ji, Fi), is a Fano-Ricci limit spaces. 

Finally we define the Futaki invariant of the Fano-Ricci limit space {X, gx, J, F) 
as a C-valued linear function on f)i(X): 

Definition 4.6. We define T : i)iiX) C by 

FxiV,gx):= [ 

Jx 

Proposition 4.7. We have the following: 

(1) Let V € ^i{X) with V = grad'u for some u G Ai. Then 

Fx{V,gx) ■■=- [ udH^. 

Jx 

(2) Let Vi be a sequence in f)i(Xj) and let V € hi{X) be the L'^-strong 
limit on X. Then 

lim FxfiVi.gXi) = Fx{V,gx)- 

l—^OO 

Proof. We first prove (1). By Remark [3.121 we have u G {Aq, X) with 

u = AFu = — h*x{du, dF). 

Integrating this with respect to dH'^ yields (1). 

(2) is a direct consequence of the proof of Proposition 14.41 and (1). □ 

We say two Fano-Ricci limit spaces {X, gx, Jx) and {Y,gY,JY) are J- 
equivalent if the following condition holds: If (W, gXi, Jxfi and {Yi,gY^, TyJ 
converge to {X, gx, Jx) and {Y,gY,JY) then there are biholomorphic au¬ 
tomorphisms ipi of {Xi,Jxfi to {Yi,JYi) for all i. Further, we say that 
V G ^i{X) and W G []i(T) are J-equivalent if the following condition holds: 
if R G ^i{X) is an L^-strong limit of a sequence in R G fii(W) with respect 
to gXi then W G [ii(R) is an L^-strong limit of {'fii)^yi with respect to g'y.. 

Theorem 4.8. If two Fano-Ricci limit spaces {X, gx, Jx) {Y,gY,JY) 
are J-equivalent and if two vector fields V G i]i{X) and W G [li(R) are 
J-equivalent then 

Fx{V,gx) = FY{W,gY). 

Proof. It is trivial to have 

XxfiV^gxfi = FYMi).V, {fi-^Tgxfi. 

But since Ty. ((^/:j)*R, gyj is independent of the choice of the Kahler metric 
gYi with the Kahler metric in the anti-canonical class by m. we have 

XYfi{A)*Vi,{fifi^)*gxfi = FYfi{fii).V,gYfi. 

Taking the limit as z —?> oo and using Proposition 14.71 (2), we obtain 
Fx{V,gx) = FY{W,gY). This completes the proof. □ 
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Proposition 4.9. We have the following: 

(1) We have ||J^x|l|op < C{n, K,d, L), where ||J^x||op is the operator 
norm of Fx, i-e. 

||-^x||op:= sup \Fx{V)\. 

11 ^ 1 ^ 2=1 

(2) We have 


limsup liJ'xillop < ll-^xllop- 


(3) If 


lim dimf}i(Xj) = dimf)i(X), 
i^oo 


then 


lim llJxJlop = 11-^x1 lop- 


Proof. We first prove (1). Let tt G Ai and let V = grad^u. Then from 
Proposition 13.151 and (1) of Proposition 14.71 we have 


|-^x(P)| < / \u\dH^ 

Jx 

<CiL) [ \u\dH^ 

Jx 

<C{n,K,d,L) [ \gT&d'dHp 
Jx 

< C{n, K, d, L) [ \V\‘^dH^ < C{n, K, d, L). 

Jx 

This completes the proof of (1). 

Next we prove (2). For every i < oo, there exists Vi G \]i{Xi) such that 
= 1 and that \Fxi{Vi)\ = lll^xjlop holds because \]i{Xi) is finite 
dimensional. By Proposition 14.41 without loss of generality we can assume 
that there exists V G f)i(Ai) such that Vi L^-converges strongly to V on X. 
Thus (2) of Proposition 14.71 yields 

limsupllJ'xJlop = limsup|J'xi(f^i)| = < ll-^x||op- 

2—>-00 2—>-00 

Finally we prove (3). Let V G f)i(-A) with \Fx{V)\ = ||J^xl|op and let 
{i{j)}j be a subsequence. Then by Proposition l4.4l there exist a subsequence 
of {i{j)}j and a sequence Vj(k) G such that ||Pj(fc)||L2 = 1 

and that V^(fc) L^-converges strongly to V on X. Thus applying (2) of 
Proposition 14.71 again yields 


ll-^xllop = |-^x(P)| = lim < lim inf Hop 


Since {i(j)}j is arbitrary, this completes the proof of (3). 


□ 
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4.2. A compactness with respect to the Gromov-Hausdorff con¬ 
vergence. In this subsection we start without assuming (2. Id), and rather 
study when (2. Id) is satisfied, see Proposition 14.141 


Proposition 4.10. Let M be a Fano manifold with RicM > K and diam M < 
d, and let F be the Ricci potential with the canonical normalization. Then 
we have 


( 20 ) 

and 

( 21 ) 


F < C{n,K,d) 


1 

H^{M) 



< C{n,K,d). 


Proof. By taking the (complex) trace of the equation Ric(t<;) — a; = iddF 
we have smI‘^ — n = —AF/2, where sm is the scalar curvature of M in the 
sense of Riemannian geometry. Then since 

Ae^ = -e^lVFp + e^AF < e^{2n - sm) < (2 - K)ne^, 

Li-Tam’s mean value inequality |35l Corollary 3.6] (or [361 Theorem 1.1]) 
yields 

e^ <C(n,K,d)—^— ( e^ dH^ = C(n,K,d). 

Thus we have (1^ . 

On the other hand, since 

Ae^^ = -Ae^^\S/F\^ + 2e^^AF = -Ae^^\VF\^ + 2e^^{2n - sm), 


by integration of this on M, we have 

2 / < / e‘^^{2n-SM)dH'^ <{2-K)n [ e"^^ dH^ < C{n, K,d). 

J M J M Jm 

This gives ipTI) . □ 

The following is a direct consequence of [251 Theorem 4.9], [271 Theorem 
6.19] and Proposition 14.101 


Corollary 4.11. Let K £ M, let d,v > 0 and /ef n G N Let Xi he a sequence 
of Fano manifolds with Ricx. > K, diam A* < d, and H^{Xi) > v. 

Then there exist a subsequence the noncollapsed Gromov-Hausdorjf 

limit X, the Lf-strong limit J of on X, and the L^-strong limit G G 
i7^’^(A)nL°°(A) o/e^'O) on X such that XL'^-converges weakly to VG 
on X, where Fi is the Ricci potential of Xi with the canonical normalization. 
Moreover, if there exists c G R such that Fi > c for every i < 00 , then there 
exists F G L°°{X) with c < F < G{n, K, d) such that G = e^. Ln particular 
T) T2 -converges strongly to F on X. 


32 








Corollary 4.12. Let (X, gx, J, F) he a Fano-Ricci limit space with H'^{X) > 
V, F > c and diamX < d. Then 

0 < Ci{n,K,d,v,c,l) < Xi{A^,X) < C 2 {n, K,d,v,c,l) < oo 
for every I > 1. 

Proof. We only give a proof of the existence of upper bounds because the 
proof of the existence of lower bounds is similar. The proof is done by 
a standard contradiction. Assume that the assertion is false. Then there 
exist I > 1 and a sequence of Fano-Ricci limit spaces {Xi, gxi, Ji, Fi) with 
H'^{Xi) > V, diamAj < d, Fi > c and 

lim \i{A^\Xi) = oo. 

i^oo ^ 

On the other hand by Corollarv l4.11l we can assume without loss of generality 
that there exist the noncollapsed Gromov-Hausdorff limit X of W, the 
strong limit J of R on X, and the L^-strong limit F € H^’'^{X) riL°°{X) of 
Fi on X. Since Proposition 13.131 yields 

lim Xi{A^\Xi) = Xi{A^,X) < oo, 

this is a contradiction. □ 


Similarly, we have the following: 


Corollary 4.13. 


Under the same assumption as in Corollary 4-12, we have 


dimf)i(A) < C{n,K,d,v,c). 


Proof. The proof is done by a contradiction. Assume that the assertion is 
false. Then there exist a sequence of Fano-Ricci limit spaces {Xi, Ji, gi, Fi) 
with RicXi — Fl^{Xi) > v, diam Aj < d, Fi > c and 

lim dim()i(Ai) = oo. 

2—>-CX) 

Let be an L^-orthogonal basis of l)i(Aj). By Proposition 

oi and Corollary 14.111 we can assume without loss of generality that there 
exist the noncollapsed Gromov-Hausdorff limit X oi Xi, the L^-strong limit 
J of Jj on A, the L^-strong limit F G Lf^’^(A) n L°°(A) of Fi on A, and 
the L^-strong limits Vi G fli(A) of Vj^i on A. This contradicts the finite 
dimensionality of f)i(A). □ 


We give a sufficient condition to get a uniform lower bound on the Ricci 
potential by a standard way of Riemannian geometry: 


Proposition 4.14. Let q > nj^, let L > 0, and let M be a Fano manifold 
with RicM > K, diamM < d, H^{X) > v and 

[ \sM\‘^dH^<L. 

Jm 

Then the Ricci potential F of M with the canonical normalization satisfies 


|F1 < C{n,K,d,v,q,L). 
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Remark 4.15. In Proposition \4-l4\ < q < n, by [291 Theorem 1.2] 

with 1231 Theorem 5.1] we have the following quantitative Holder continuity 
ofF: 

\F{x)-F{y)\<Cd{x,yr 

for any x,y £ M, where C := C{n, K,d,v,q, L) > 0 and a = 2 — n/q. 
Moreover if q > n, then we have the quantitative Lipschitz continuity of F: 

jgradF] < C{n, K,d,v,q, L). 

See [30l Theorem 1.2]. 


In summary, we have the following compactness. 


Corollary 4.16. Let q > n/2, let L > 0 and let Xi be a sequence of Fano 
manifolds with Ricx^ > K, diamXj < d, > v and 



sx,VdH^<L. 


Then there exist a subsequence the noncollapsed Gromov-Hausdorff 

limit M, the Lf-strong limit J of on M, and the -strong limit F £ 

R^’^(M)nL°°(M) ofFiQ'j on M such that supj \\Fi(^jj\\Loo < C{n, K,d,v,q, L) 
and that VTj(j) -converges weakly to XF on M. 


4.3. The Lie algebra structure of subspaces of Ai on nonsmooth 
setting. In this section we discuss a subspace of Ai which is a Lie algebra 
by the Poisson bracket 


Definition 4.17 (Poisson bracket). Let {X, gx, J) be the noncollapsed Kdhler- 
Ricci limit space of {Xi, gxi, Ji), be. (2.1a)-(2.1c) holds and J is the L^- 
strong limit of R on X. Then for any open subset U of X, and u,v £ 
H^^{U), let 

{u, u} := grad'u(u) — grad'u(u) £ L^{U). 

By an argument similar to the proof of 1271 Theorem 4.11], we have the 
following: 


Proposition 4.18. Under the same setting as in Definition f.n. let R > 0, 
let X £ X, and let f £ T>^(A, Br{x)) with 



x) 


(l/l^ + JA/l^) dH^<L. 


Then for any r < R, \df\‘^, JS/]^ G ^g 2 n/( 2 n 

f (|gradl9/l2|^”/^^”"^^ + dH^ < C{n, K, L,r, R). 

Moreover, for any u,v £ D‘^{X, Br{x)) with 



+ JAu] V JAuJ^) dR” <L, 
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we have {u,v} G ^^(^Br{x)) with 



2n/(2n-l) 


dH^ < C{n, K, L, r, R) 


for any r < R. 


Remark 4.19. By Proposition \4-l^ and [271 Lemma 6.1], for any u,v & 
'D^{A,X), we see that {u,v} £H^{X) holds if and only i/gradjtt, ?;} G 
LliTcX) holds. 

We need the following: 


Proposition 4.20. Let M be a Fano manifold and let u,v £ C^{M). 

(1) For the gradient of the Poisson bracket we have 

grad'{M, v} = [grad'u, grad'v] + Vgrad",;gi'ad'M - Vgrad"«gi’ad'v, 

(2) If A^u = Xu and A^v = vv, then 

A^{u,v} = {X + u-l){u,v} 

— 5 M(V"grad'ti, V'grad"f) + ( 7 M(V"grad'u, V'grad"it). 


Here, in the standard notation of tensor calculus, 

5M(V"grad'u,V'grad"^;) = 

= VjV^uV~^XiV. 

Proof. We choose a local holomorphic coordinates ,z^ and use the 

standard notations of tensor calculus V* = or V-^ = g^^Xi. Then the 

Poisson bracket is written as 


{u,u} = V^uXiV — X^vViU, 


and the gradient vector field of type (1,0) is written as 

d 

grad'u = 

Since XaXbu = XbXau for functions u we have 

X^{u,v} = X\X^uXjV -X^vXju) 

= X^uXjX^v - X^vXjX^u + X^vXjX^u - V%VjV*u 

The last term is equal to the i-th component of 

[grad'u, grad'u] + Vg^ad'Tgrad'u - Vgrad''«gi’ad'u. 
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This proves (1). To prove (2) we first compute 
A{u,u} = -VfcV^(V^uVjU - 

= -V’^V^uVkVjV - VkV^uV^VjV 

-VkV^V^uVjV - V^uVkV^VjV 

+V^V-^uVfcVjU + 

+VfcV^V^uVjU - V^vVkV’^VjU. 

Then using the Ricci identity 

VkV^V’^u = VfcV^u + Rk^^iV^u, 
the definition of the Ricci curvature 

Rk^\V^ = R^ = g^'^R,j, 
and the definition of the Ricci potential F 

~ 9iJ + VjVj-F, 

one can see that miraculous cancellations occur to obtain 

/\^{u,v} = A{u,v} -V’"{u,v}VkF 

= {X + g- l){u, v} - VjV^uVVju + VjV^uVVjM. 

This completes the proof of (2). □ 

Recall that by Propositions 13.131 and [STTI for any Fano-Ricci limit space 
{X,gx,J,F) of {Xi,gXi,Ji,Fi) and a-eigenfunction u G T>^(A^,X) of A^, 

there exist sequences A* —)• a and Ui G C^(Xi) such that AA-Ui = XiUi and 
that Ui and dui L^-converge strongly to u anddu on X respectively. We 
call (Aj,tij) a spectral approximation of u (with respect to {Xi, gxi, Ji, Fi)). 
Moreover if 

su];)\\hxi{dui,dFi)\\L 2 < oo 
i 

holds, then {Xi,Ui) is said to be compatible. 

We first discnss a closedness of the Poisson bracket {•,•} on Ai. Recall 
that from 1271 Theorem 1.9] with Proposition 13.31 for every u G 'D‘^{A, X), 
we see that u is twice differentiable on X in the sense of [26]. In particnlar, 

[grad'u, grad'u] 

is well-defined a.e. x G X for any u,v G P^(A,X). 

Proposition 4.21. Let {X,gx,J,F) be the Fano-Ricci limit space of the 
sequence {Xi, gXi, Ji, Fi) and letu,v G Ai(X). Assume that there exist com¬ 
patible spectral approximations (Ai,ttj) and {i^i,Vi) of u and v respectively. 
Then we see that u,v G P^(A,X) and that 

{u,u}GP“(Af,X) 
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with 

( 22 ) 

and 


grad'{?x, i;} = [grad'ii, grad'?;] 


A|{u,?;} = {u,v}, 

where = 2n/(2n — 1) (see Remark \4- 1 9\ for the definition of'D^‘^(A^, X)). 
In particular, the following are equivalent: 

(a) {'u,?’} e Ai(A). 

(b) gradju,?;} G L‘^{TcX). 


Proof. By Propositions 13.3113.10113.61 and |271 Theorem 4.13], we see that 
u,v G T>‘^{A,X), that {u,v} G H^^^{X), and that Hess„. and Hess^. L^- 
converge weakly to Hess^ and Hess^ on X respectively. Propositions 12.61 
and 14.181 yield that {ui,Vi} -converges strongly to {u,v} on X, and that 
d{ui,Vi} LP"-converges weakly to d{u,v} on X. 

On the other hand, the Weitzenbock formnla on a Fano manifold yields 

{Xi-l) [ \u,\^dH^^= [ iVgrad'u^fdH^^. 

JXi * JXi 

Thus letting i —)■ oo with this gives that V"grad'?ii L^-converges strongly to 
0 on X. Similarly V"grad'?;i L^-converges strongly to 0 on X. 

Let / G LIPc(^). By (2.2e), there exists a sequence fi G LIPc(X) with 
supj ]ld/illL°° < oo such that fi and dfi L^-converge strongly to / and df on 
X respectively. 

Since (2) of Proposition 14.201 gives 


[ hx{d{ui,Vi},dfi)dHp. 

JXi 

= [ {Xi + ^i- l){ui,Vi}fidHp. 


'Xi 


( 5 Xi(/iV"grad'ni, V'grad"?;i) - gxifiVgicad'vi,V'grad"ui)) 


letting ? —>• oo yields that {n, n} G {A^ , X) with n} = {n, n}. 

On the other hand, since 

[grad'ni,grad'?;j] = Vgrad'^igi’ad'uj - Vg^ad'i^igrad'ni, 

by m Theorem 4.13] we see that [grad'n,, grad'uj] ^bponverges 

weakly to [grad'tt, grad'n] on X. Therefore by letting i —)> oo in (1) of 
Proposition 14.201 we have (1221) . The final equivalence follows from Remark 
ITOl □ 


Corollary 4.22. Let {X,gx,J,F) be the Fano-Ricci limit space of the se¬ 
quence {Xi, gxi, Ji, Fi) and let u,v G Ai(X). Assume that there exist com¬ 
patible spectral approximations {Xi,Ui) and {ni,Vi) of u and v, respectively 
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such that 

(23) sup ||grad'{iii,'(;i}||x ,2 < oo. 

i 

Then {u,u} G Ai(X). 

Proof. This is a direct consequence of Theorem 12.61 Propositions 12.91 and 
(the proof of) 14.211 □ 

Corollary 4.23. Let {X,gx,J,F) be the Fano-Ricci limit space of the se¬ 
quence [Xi, gxi, Ji, Fi). Assume 

suppFill 1^00 <c oo. 

i 

Moreover we assume that one of the following holds: 

(1) Ai(X) cLIPc(X). 

(2) F = 0 . 

Then we have the following closedness of Ai{X) for the Poisson bracket: 

{-Uju} G Ai(X) 

for any u,v € Ai(X). 

Proof. Assume that (1) holds. Let u,v & Ai(X). Then by the proof of 
Proposition 14.211 and [271 Theorem 4.11] we have HesSu,Hess^ G L^(T^X (g) 
T^X). In particular the assumption (1) implies 

V{u,v} e LliTcX). 

Therefore Proposition 14.211 gives our closedness. 

On the other hand, by [U Theorem 7.9], since if (2) holds, then (1) holds, 
this completes the proof. □ 

The rest of this subsection is devoted to a construction of a subspace A of 
Ai which is a Lie algebra by the Poisson bracket {•, •}. Note that, on almost 
smooth setting, we will see in Section 5 that if a subspace of Ai is closed 
with respect to the Poisson bracket {•,•}, then it becomes a Lie algebra, 
automatically. See Proposition 15.31 

For this purpose we need the following dehnition: 

Definition 4.24. Let {X,gx,J,F) be the Fano-Ricci limit space of the se¬ 
quence {Xi,gXi,Ji,Fi). 

(a) A function u G Ai(X) is said to be a (compatible) limit 1-eigenfunction 

if there exists a (compatible) spectral approximation of u. 

(b) A subspace A of Ai{X) is said to be the limit 1-eigenspace if every 
u £ A is a limit 1-eigenfunction with 

dim A = lim dimAi(Xj). 

i—^oo 

Moreover if every u £ A is a compatible limit 1-eigenfunction, then 
A is said to be compatible. 
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Since it is easy to check that the limit 1-eigenspace is unique if it exists, 
we denote it by linij^cxD Ai(Xi). In general, for a subspace A of Ai, let 
:= d>(A), where $ is defined in Remark 14.31 Roughly speaking, the 
following means that (l^(Ai) is the space of L^-strong limits of holomorphic 
vector fields on Xj if A = limj_^oo Ai(Xj). 


Proposition 4.25. Let {X,gx,J,F) be the Fano-Ricci limit space of the 
sequence {Xi, gxi, Ji, Fi). 

(1) There exist a subsequence i{j) and the limit 1-eigenspace o/Ai(Xj(j)). 

(2) If 

sup ||9Fj||Loc < oo, 
i 

then any spectral approximations are compatible. In particular, the 
limit 1-eigenspace of Ai{Xi) is compatible. 

(3) If A is the limit 1-eigenspace of Ai{Xi), then 


lim ||Jxil|op = ||-^x|a||op- 
i^oo 


(4) 


In particular, 


lim llJAfillop = 
2—)-00 


ll-^xllop 


holds if and only if 

Tx = 0 

on where (()^(X))-*- is the orthogonal complement ofi)^{X) 

with respect to the L?‘-norm. 

If 

lim = 

2—>-00 


then the limit 1-eigenspace coincides with Ai(X). 


Proof. (1) is a direct consequence of Proposition 14.41 By Proposition 13.141 
and the definition of the limit 1-eigenspace, (2) and (4) are trivial. The 
proof of (2) of Proposition 1419] yields (3). Thus this completes the proof. □ 


In order to get an L^-estimate (I23p for spectral approximations, we pre¬ 
pare the following. 


Proposition 4.26. Let {X, gx, J, F) be a Fano-Ricci limit space with H^{X) > 
V, diamX < d and F > c, and let V G ^liX) with 

\\V\\Lr><L 

for some p £ {1, 2). Then 

\\V\\l 2 < C{n,K,d,v,c,L,p). 

Proof. The proof is done by a contradiction. Assume that the assertion 
is false. Then there exist a sequence of (n, Rr)-Fano-Ricci limit spaces 
{Xi, Ji, gXi, Fi) with H'^{Xi) > v, diamXj < d, Fi > c, and a sequence 
of Vi G fli(A'j) with 

sup ||Pilll,P < oo 
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and 

(24) 


i—>-oo 


By (2.2a) and Corollary 14.111 we can assume without loss of generality that 
there exist the noncollapsed Gromov-Hausdorff limit X of Xj, the L^-strong 
limit J of Jj on X, the L^-strong limit F G n L°°{X) of Fi on X, 

and the LP-weak limit V oi Vi on X. Let Wi ;= ||V)||^ 2 ^Vi G fii(Xj). From 
(p^ . we see that Wi L^’-converges weakly to 0 on X. Since ||VFi 111,2 = 1, this 
is an L^-weak convergence. On the other hand, by Proposition 14.41 there 
exist a subsequence VFi(j) and the L^-strong limit W G fii(X). In particular, 

11VF11 2,2 = 1. This is a contradiction. □ 

Corollary 4.27. Let (X, gx , J, F) be the Fano-Ricci limit space of (Xj, gxi , Ji,Fi). 
Then 

lim dimf)i(Xj) = diml)i(X) 

i^oo 

holds if and only if for any V G l)i(X) and subsequence {i{j)}j, there exist 
a subsequence {j{k)}k of{i{j)}j, p G (1,2) and a sequence V^(A:) £ 
such that LP-converges weakly to V on X. 

Proof. This is a direct consequence of Propositions 14.41 and 14.261 □ 


Corollary 4.28. Let M be a Fano manifold with RicM > K, diam M < d, 
and > v, let F be the Ricci potential with the canonical normaliza¬ 

tion with F > c, and let u, u G Ai with 

\\hM(du,dF)\\L2 + \\hMidv,dF)\\L2 < L. 


Then 


||{u,u}||„i ,2 <C{n,K,d,v,c,L). 

In particular if (M, gM, J, F) is a Kdhler-Ricci soliton, i.e. T G Ai(M), and 
if any a-eigenfunction w G Ai(M) of the action —F on Ai(M) defined by 
the Poisson bracket {•,•}, i.e. 


—{F, w} = aw 


with 


then we have 


\\dF\\L4 + \\hM{dw,dF)\\L2 < L, 
a < C{n, K, d, v, c, L). 


Proof. Propositions 13.10114.181 and 13.61 yield 

I |grad'{u, u}| I ^2n/i2n-i) < C{n, K, d, v, c, L). 

Since grad'{u,u} G f)i(M) (see for instance Remark 15.21) . Proposition 14.261 
yields 

||grad'{u,u}|| 2,2 < C{n,K,d,v,c,L). 

Thus the assertion follows from this. Propositions 12.91 and 13.151 □ 
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Remark 4.29. In Corollary \4-.28[ by [411 Theorem 1.2] with Corollary 4-11 
we drop the assumption of -bound on dF. In fact, we can get 

\\dF\\Loo < C{n,K,d,v,c), 

automatically. See Theorem 1 6. 21 


Proposition 4.30. Let {X,gx,J,F) be the Fano-Ricci limit space of the 
sequence {Xi, gxi, Ji, Fi). Then we have the following: 

(1) Let u,v £ Ai(X) be compatible limit 1-eigenfunctions. Then we see 
that {u,v} G Ai(X), and that Fx{S‘:sLd'{u,v},gx) = 0. 

(2) If A := limj_^(X) Ai(Xj) is compatible, then (A, {•, •}) and [•, •]) 

are Lie algebras, and IFx\i^:^[x) ® character ofi)^{X) as a Lie al¬ 
gebra. Moreover the map Ta : A —)• defined by the restriction 

of T to A, i.e. 

TA(rt) := grad'rt, 

gives an isomorphism between them as Lie algebras. 


Proof. We first prove (1). Let {l,Vi) be compatible spectral approxi¬ 

mations of u,v, respectively. Propositions 12.6113.141 and Corollary 14.281 yield 
that {u,v} G Ai, and that {ui,Vi} and d{ui,Vi} L^-converge strongly to 
{u, v} and d{u, ?;} on X, respectively. In particular since the Fntaki invari¬ 
ant is a character as a Lie algebra on smooth setting, (2) of Proposition 14.71 
yields 

Fx{grad'{u,v},gx) = hm Fxi{grad'{ui,Vi}, gXi) = 0. 

i—>-oo 

This completes the proof of (1). 

We turn to the proof of (2). By Proposition 14.211 and (1), it suffices to 
check the Jacobi identity for the Poisson bracket {•, •}. Let u,v,w £ A and 
let and be compatible spectral approximations of u,v, 

and w. Since 


{Ui, {Uj, tCj}} {Wi, {Ui,Vi}} + {Vi, {Wi,Ui}} = 0, 

letting f —)• oo with Proposition 14.41 and the proof of (1) gives the Jacobi 
identity for the Poisson bracket {•,•}. □ 

By Propositions 14.14114.301 and Remark 14.151 we have the following com¬ 
pactness: 

Corollary 4.31. Let {Xi, gXi, Ji, Fi) be a sequence of Fano manifolds with 
RicXi — Al, II"'{Xi) > v, diamXj < d, and 

sup f \sxi\'^ dH^ < oo 
i JXi 

for some q > n. Then there exist a subsequence i{j), the Fano-Ricci limit 
space {X,gx,J,F) of {Xi^^j^, gx^yy Ji(j), Fij^j'^) and the compatible limit 1- 

eigenspace A := limj_>.oo Ai(Xj(j)) such that (A, {•,•}) and (f}^(X), [■, •]) 
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finite dimensional Lie algebra. Moreover the map 

defined by ^a(u) := grad'ti gives an isomorphism between them as Lie alge¬ 
bras. Furthermore, is a character o/f)^(X) as a Lie algebra. 

In particular we have the following; 

Corollary 4.32. Let {Xi, gxi, Ji, Fi) be a sequence of Fano manifolds with 
H^{Xi) > V, diamXj < d, and 

IRicjVil < a:. 

Then the same conclusion as in Corollary \4-31\ holds. 

It is worth pointing out that in the setting of Corollary 14.321 we can prove 
that F is the Ricci potential of {X,gx,J) in some weak sense. See [28] . 
We will discuss again similar results as above in almost smooth setting in 
Section 5. 

5. Almost smooth Fano-Ricci limit space 

5.1. Decomposition theorem on an almost smooth Fano-Ricci limit 
space. Recall that a Fano-Ricci limit space {X, gx, J, F) is the limit space 
of {Xi, gXi, Ji, Fi) satisfying (2.1a) - (2.1e), (4.1a) and (4.1b). We say that 
{X,gx,J,F) is an almost smooth Fano-Ricci limit space if in addition the 
conditions (5.1a) - (5.1c) below are satisfied. 

(5.1a) There exists an open (dense) subset 7^ of A such that H^{X\Tl) = 0, 
that {TZ, gxln, J\tz) is a smooth Kahler manifold, and that F\ti G 
C°°(7^) with 

Ricoj — uj = 'fiJxddF 

on TZ. 

(5.1b) Every L^-holomorphic function on TZ is constant. 

(5.1c) We have 

{u G R^’2(A);grad'«k ^ flreg(A)} C P^(Af, A), 

where f)reg(A) is the set of L^-holomorphic vector fields on TZ, or 
equivalently on A by the assumption (5.1a), having smooth poten¬ 
tials on TZ. 

Note that by Corollary 14. Ill we have F G F[^J{X). Recall 

Ai = {/GP^(Af,A);Af/ = /}. 

Let A be a complex subspace of Ai, f)^(A) the set of R G f}reg(A) with V = 
grad'u for some n G A (i.e. f)^(A) = ‘h(A)), and ^(A) the set of R G f)r-eg(A) 
with R = grad'n for some u G R^’^(A). Note that f)^i(A) = f}i(A). 

We remark the following: 
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Proposition 5.1. We have 


(lregW = f}lW. 

Proof. Let V € f}reg(^)- Then there exists a C-valued smooth function / 
on TZ such that V = grad'/ on TZ. By (1) of Proposition 13.191 there exists 
u G such that grad'/ = grad'u on TZ. Thus, by the assumption 

(5.1c), V G This completes the proof. □ 


Remark 5.2. By a simple calculation we have the following: 

(1) We have 

grad'jti, u} = [grad'ti, grad'u] 

on TZ for any u,v G Ai. In particular by Corollary \4.S\ grad'ju, u} 
is a holomorphic vector field on TZ. 

(2) If a smooth function u on TZ satisfies that grad'u is a holomorphic 
vector field on TZ, then 

d{/A^u — rt) = 0 

on TZ. 


Proposition 5.3. If u G (X) satisfies grad'tt G i)reg(-^) and 


L 


udH^ = 0, 


then u G Ai. In other words, ^{X) = f)i(X)). 


Proof. Let u G H^‘^{X) with grad'u G f}reg(Ai). Then (5.1c) gives u G 
, X). In particular A^u G L^(X). 

Thus by (2) of Remark 15.21 and (5.1b), we see that — u is constant. 
Proposition 13.161 yields — u = 0. This completes the proof. □ 

Proposition 5.4. Assume that for any u,v G A, {u,v} G A. Then {A, {■, ■}) 
and (f)^(Ai), [•, •]) are finite dimensional complex Lie algebras. Moreover the 
map Ta : A —)■ fi''^(X) defined by 

'I'a('u) := grad'tt 

gives an isomorphism between them as Lie algebras. 


Proof. This is a direct consequence of (1) of Remark 15.21 


□ 


5.2. Kahler-Ricci limit solitons. Let {X, gx, J, F) be an almost smooth 
Fano-Ricci limit space, that is, the conditions (2.1a) - (2.1e), (4.1a), (4.1b), 
(5.1a) - (5.1c) are satisfied. 

Proposition 5.5. Let u G Ai. Then the following are equivalent: 

(1) Re(grad'n) is a Killing vector field on TZ, where Re(grad'ri) is the 
real part of grad'u. 

(2) Re(n) is constant. 


43 






Proof. By a simple calculation we have 

(25) '^Re(grad'ji)^^ Tc?9Re(u) 

on TZ. 

Assume that Re(grad^u) is a Killing vector field on TZ. By taking the 
(complex) trace of (1251) we have AgKe{u) = 0 on 7?.. Thus Proposition 1,3.81 
shows that Re(u) is constant. 

By (j25|) . the converse is trivial. This completes the proof. □ 

Definition 5.6 (Kiihler-Ricci limit soliton). We say that an almost smooth 
Fano-Ricci limit space {X, gx, J, F) is a Kdhler-Ricci limit soliton if grad'F G 
i^regiX). 

Note that by Proposition 15..31 {X,gx, J,F) is a Kiihler-Ricci limit soliton 
if and only if F G Ai holds. Further, by Proposition 15.51 Re(grad'(iF)) is a 
Killing vector field. 

Theorem 5.7 (Decomposition theorem). Let {X, gx, J, F) be a Kdhler- 
Ricci limit soliton. For a complex subspace A of Ai, we assume the fol¬ 
lowing: 

(1) For any u,v G A, {u,v} G A. 

(2) For every u G A, {u,F} G A. 

Then —gvad'F acts on 1)^(A") by the adjoint action and f)'^(Ai) has a decom¬ 
position 

f,^(X) = f,^(A)©0f,^(X), 

o>0 

where {^^(A") is the a-eigenspace of the adjoint action of —grad'F. Fur¬ 
thermore, f)o (Ai) is isomorphic as a Lie algebra to the complexification of 
a real Lie algebra A := {u G A|u = —u} with the Poisson bracket {•, •}, and 
{X) is nilpotent. Moreover, the map 

cjA-.A^ ic{n) 

defined by := 2Re(grad'M) is an inclusion of Lie subalgebra, where 

X{TZ) is the space of all Killing vector fields on TZ. In particular, if TZ 
coincides with the regular set of X and the image of (p\ is contained in the 
Lie algebra of the isometry group of TZ, then I^q is reductive. 

Proof. For every u G Ai, let 

A^u := A^u 

on TZ. Then by a simple calculation we have 

X§u - AAu = {F, u} 

on TZ. In particular, AAu G H^‘^{X). Thus Proposition 13.81 gives u G 
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Therefore for every ^ S by letting := we have 

= (a + 1)^. 

Thus Corollary 14.21 gives a > 0. Therefore we have a decomposition 

(l^(X) = 0fi^(X). 

o>0 


From the argument above we see that (X)) coincides with 

Ago ;= {u G A; A|'m = u}. 

In particular, for every u G Ai^Qj we have Re(u),Im(u) G Ai^o- It is easy 
to check that A is a real Lie algebra and that Ao,i is isomorphic to the 
complexification of A. 

On the other hand, from the Jacobi identity on TZ, we have 

for any a, > 0. Since the dimension of f)^(X) is finite, there exists a finite 
subset T of (0, oo) such that (X) = 0 for every a G (0, oo) \ T. This shows 
that 0a>o^o(^) i® nilpotent. 

Next we prove that 4>j^ is embedding as Lie algebras. Note that by Propo¬ 
sition 15.51 (pA is well-defined. By a simple calculation, it is easy to check 
that 4) A is bracket preserving. Let u G A with 4>a{u) = 0. Since 


Re(grad'u) 


grad'u — grad"u 
2 


we have grad'n = grad^'u. Thus grad'tt = grad"u = 0. Proposition 13.151 
gives that u is constant. Since 


[ udH^= [ A^udH^ = 0, 

J X J X 

we have u = 0, i.e. (pA is embedding as Lie algebras. 

Finally we assume that TZ coincides with the regular set of X and that 
the image of (pA is contained in the Lie algebra g of the isometry group G 
of TZ. Note that G is isomorphic to the isometry group of X because all 
isometry / : X —)• X preserve the regular set (note that in this assumption, 
the regular set is open and convex. In particular, the distance function on TZ 
dehned by the smooth Riemannian metric gx coincides with the restriction 
of dx to TZ. See [5l Theorem 3.7] or m Theorem 1.2]). Therefore, from 
[5l Theorem 4.1], G is a compact Lie group. Thus we see that fig (X) is 
reductive. □ 


Remark 5.8. Assume that TZ coincides with the regular set of X. Then 
since the isometry group of TZ is isomorphic to that of X and is a compact 
Lie group, we see that for every Killing vector field V on TZ, V is in the Lie 
algebra of the isometry group of TZ if and only if V is complete. 
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Remark 5.9. One of key points for the condition (5.1b) in the arguments 
above is the following: 

(*) If u & satisfies grad'n £ ^reg{^) o^nd udHp = 0, then 

M G Ai. 

In fact if we replaee (5.1b) by (*), then we can prove the same results above. 
It is worth pointing out that (-k) holds if the Weitzenbock formula 

(26) [ \A§f\^dH^= j \V'gia^f\^dH'f+ [ \df\^dHf,. 

J X J X J X 

holds for every f G T>‘^{A^,X). Note that by using a result in [28] we can 
establish Ii26\) under an additional assumption: 

sup iRicXi I < CO. 

i 

5.3. Remarks on the Lie algebra structure of Ai on almost smooth 
setting. Let {X,gx,J,F) be an almost smooth Fano-Ricci limit space so 
that (2.1a) - (2.1e), (4.1a), (4.1b), (5.1a) - (5.1c) are satisfied. We add the 
following assumption: 

(5.3a) The inclusion 

Rb2(7^) H^’‘^{X) 

is isomorphic. 

Then we can apply Proposition 13.191 with U = IZ. 

Compare the following with Proposition 14.211 

Proposition 5.10. Let {X, gx, J, F) be an almost smooth Fano-Ricei limit 
spaee. Then for any u, u G Ai, the following are equivalent: 

(1) {u,v} G Ai. 

(2) {u,u}g4’"(X). 

Moreover if (5.3a) holds, then these also are equivalent to the following: 

(3) grad'jtt, u} G L‘^(T'X). 

Proof. It is trivial that if (1) holds, then (2) holds. 

Assume that (2) holds. Then by (1) of Remark 15.21 we have grad'ju, u} G 
i)reg{X). In particular grad'ju, u} is a holomorphic vector field on IZ. Since 
{u,v} G H^‘^{X), we have grad'ju, u} G L‘^{T'X). Therefore by (5.1c), we 
have {u,v} G P|.(AA,X). 

By a simple calculation we have 

a(Aj{u,u} - {u,u}) = 0 

on IZ, i.e. AA{u, u} — {u,v} G i)regill)- Thus by (5.1b), AF\u,v} — {u,v} 
is a constant function. 
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On the other hand we have 


f {u,v}dHp= f {grad'u)v dHp — I {grad'v)u dH"^ 

Jx Jx Jx 


= I hx{du,dv) dHp — J hx{dv,du)dHp 


lx 


= j {A§u)vdH'^- j {A§v)udH'^ 

J J X 


= f uv dHp — f uv dHp = 0. 

Jx Jx 


Thus Proposition 13.161 shows A^{u,v} — {u, u} = 0, i.e. {u,v} G Ai. Thus 
we have (1). 

Finally if (5.3a) holds, then the equivalence between (2) and (3) follows 
from Proposition 13.191 (2). □ 

Compare the following with Corollary 14.221 


Proposition 5.11. Let {X,gx,J,F) he an almost smooth Fano-Ricci limit 
space. Moreover we assume that one of the following holds: 

(1) Ai C LIPc(X). 

(2) All -holomorphic vector fields on TZ are in L‘^{TcX) with (5.3a). 

(3) T = 0. 

Then (Ai, {•,•}) is a Lie algebra. In particular, if {X, gx, J, F) is a Kdhler- 
Ricci limit soliton, then we have the decomposition for f}i(X) as in Theorem 

[M 

Proof. If (2) holds, then the assertion follows directly from Proposition 13.19] 
and (1) of Remark 15.21 

Next we assume that (1) holds. Note that by Propositions 13.101 and 13.61 
we have Ai C 'D^{A,X). Let u,v £ Ai. Then by [271 Theorem 4.12] we 
have HesSu,Hess^ G L‘^{Tf.X®Tf^X). In particular V{u, u} G Lp‘{X). Thus 
by Remark 14.191 we have {u,v} G H^'^{X). Therefore Propositions 15.4) and 
15.101 show that (Ai, {•, •}) is a Lie algebra. 

Finally if (3) holds, then Theorem 15.71 and [6l Theorem 7.9] yield that (1) 
holds. This completes the proof. □ 


5.4. Remarks on the Lie algebra structure of l)i(Ai) on almost smooth 
setting. 

Proposition 5.12. Let {X,gx,J,F) be an almost smooth Fano-Ricci limit 
space with the assumption (5.3a). Then for any complex subspace A of Ai 
and u,v G Ai, the following are equivalent: 

(a) {u, u} G A. 

(b) [grad'u,grad'u] G l)^(X). 

In particular, (A, {•, •}) is a Lie algebra if and only if (f)^(X), [•, •]) is a Lie 
algebra. 


47 
















Moreover if A = Ai, then the conditions above are equivalent to the fol¬ 
lowing: 

(c) [grad'u,grad't>] G L^^iTcX). 

Proof. Proposition 15.41 yields that if (a) holds, then (b) holds. Thus we 
assume that (b) holds. 

Then by (1) of Remark 15.21 there exists w G A such that grad'jrt, v} = 
grad'rc. In particular, grad'jw, u} G L‘^{T'X). Since {u,v} G L^(X), Propo¬ 
sition [3T9] yields {u,v} G H^‘^{X). Thus by Propositions 12.91 and 13.151 we 
see that {u, v} — w is constant. Since 

f {u,v}dHp= f wdHp = 0, 

Jx Jx 

we have {u,v} = w which gives (a). 

It also follows from the argument above that if A = Ai and (c) hold, then 
(a) holds. This completes the proof. □ 

Proposition 5.13. Let {X,gx,J,F) be an almost smooth Fano-Ricci limit 
space with the assumption (5.3a). Moreover we assume that i)i{X) C L^{T'X). 
Then (f}i(X), [■, •]) is a Lie algebra. 

Proof. Let u,v G Ai. Proposition 13.101 yields u,v G 'D‘^{A,X). In particular 
by [23 Theorem 4.11] we have Hess„,Hess^ G L‘^{Tf^X ® T^X). Since 

[grad'u, grad'u] = - Vg^ad'^grad'^, 

we have [grad'u, grad'u] G L'^iTcX). By Proposition [5T2] this completes the 
proof. □ 

6. Decomposition theorem for Ricci limit Q-Fano spaces 

In this section we consider the case when the Fano-Ricci limit space is a 
Q-Fano variety. Let X be an m-dimensional Q-Fano variety, that is, X is 
a normal projective variety whose anti-canonical divisor is an ample 
Q-Cartier divisor. Fix a sufficiently large integer m, so that is a very 

ample Cartier divisor. Let <I>m: X —)• P'^(C) be the Kodaira embedding 
defined by Let ()o[(X) be the Lie algebra of all holomorphic vector 

fields on X. By the normality of X, l)o[(X) is isomorphic to f)o[(Xo) where 
Xq is the regular part as a Q-Fano variety. Note that l)o[(X) is a Lie 
subalgebra of p 0 l(X -|- 1,C). In particular, l)o[(X) is finite-dimensional. 
We say that X has a structure of Ricci limit Q-Fano space if {X,gx,dF[) 
a Fano-Ricci limit space of a sequence of m-dimensional Fano manifolds 
{Xi,gxi, Ji,Fi) and the regular part 7?. as a Ricci limit space coincides with 
the regular part Xq as a Q-Fano variety and the metric gx on Xq is smooth, 
and satisfies (5.1a). More precisely, the conditions (2.1a) - (2.1e), (4.1a), 
(4.1b), TZ = Xq and (5.1a) are satisfied. In order for {X,gx,dH) to satisfy 
the condition of an almost smooth Fano-Ricci limit space, it has to satisfy 
(5.1b), and (5.1c). However because of normality X satisfies 
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(6.1a) Every holomorphic function on TZ is constant, 
and thus (5.1b) is satisfied trivially. 

Proposition 6.1. A Ricci limit Q-Fano space is an almost smooth Fano- 
Ricci limit space. 

Proof. It suffices only to show (5.1c). Let u G with grad'tt G 

l)reg(X). Then by a simple calculation we have 

d{A^u — u) = 0 

on TZ. Thus by (6.1a), we see that A^u — u is constant. In particular, 
A^u G L‘^{X). Thus Proposition 13.81 yields u G 'D‘^{A^,X). This completes 
the proof. □ 

We can use Phong-Song-Sturm’s compactness [H] to show the following 
compactness of decomposition theorems for Kahler-Ricci solitons. 

Theorem 6.2. Let {Xi, gxi, Ji, Fi) be a sequence of Kahler-Ricci solitons 
with Ricjy. > K, H^{Xi) > v, diamXj < d, and Fi > c. Then there exist a 
subsequence i{j), a Ricci limit Q-Fano space {X, gx,J,F) of the subsequence 
{Xif^j'^, gx^^jy Ji(j), FiQ-j), and the limit 1-eigenspace A o/Ai(Xj(j)) such that 

SUppFi(j)||Loo < oo, 
j 

that {X,gx,J,F) is a Kdhler-Ricci limit soliton, that —grad'F acts on 
P(X) by the adjoint action, and that the spectral convergence for the adjoint 
actions of — grad' F^q-^ holds, i.e. 

lim \j{Xi,Fi) = Xj{X,F) < C{n,K,d,v,c), 

)-oo 

where Xj{X,F) denote the j-th eigenvalue of the adjoint action of — grad' F 
counted with multiplicity. Moreover the decomposition as in Theorem \5. 7| 
holds for p(Ai), f)o(^) is reductive, and Xx\^!^{^x) is a character o/p(X) 
as a Lie algebra. 

Proof. By (1^ . Corollaries 14.11114.281 Propositions 14.30116.11 Theorem 15.71 
and mi Theorem 1.2], it suffices to check that fio (-^) is reductive (note that 
the assumption on upper bounds for Futaki invariants in mi Theorem 1.2] 
is satisfied by (|2T]l l. 

Let V = grad^u G fipAi) for some u G A. By the normality of X, V is a 
restriction of a holomorphic vector field W on P^(C). This can be seen as 
follows. First, by normality V extends to the singular set of X and the one 
parameter group acts on the sections of the pluri-anticanonical bundle. By 
Kodaira embedding it induces a one parameter group of projective trans¬ 
formations. Let W be its infinitesimal vector field. The restriction of W to 
the embedded X coincides with V. 

In particular Re(IT) is complete on P'^(C). This implies that Re(grad^u) 
is complete on TZ. Therefore Theorem 15.71 with Bemark 15.81 yields the asser¬ 
tion. □ 
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Remark 6.3. For a sequence of compact shrinking solitons with uniformly 
bounded potentials ||-Fi||L°o < C, the diameters of the sequence are uniformly 
bounded by [HI [37101]. Thus in Theorem \6.2\ the diameter bound diamXj < 
d follows from Fi> c and Corollary \4.11\ Uniform lower bound of dimeters 
is always satisfied without any assumption on the potential Fi (see mm)- 

We also have the following decomposition theorem. 

Theorem 6.4. If a Ricci limit Q-Fano space is a Kdhler-Ricci limit soliton 
and if all holomorphic vector fileds on X are if' and with smooth poteitials on 
the regular set, i.e. f)o[(W) = i)reg{X), then [)o[(W) has the same structure 
as a smooth Kdhler-Ricci soliton. That is, 

f)ol(X) = f,olo(X)©0f)o[„(X), 

a>0 

where is the a-eigenspace of the adjoint action of —grad'F. Fur¬ 

thermore, f]o[o(X) is a maximal reductive Lie subalgebra. 

Proof. By Proposition 16.11 a Ricci limit Q-Fano space is an almost smooth 
Ricci limit space. By Proposition 15.II we have l}reg{X) = But by our 

assumption Ig^eg^X) = (^o[(X), which is naturally a Lie algebra. Thus taking 
A to be Ai, (1) and (2) in Theorem 15.71 are satisfied. Then our theorem is a 
direct consequence of Theorem 15.71 □ 

The case of smooth Kahler-Ricci solitons have been obtained in m- 

Remark 6.5. It is known by Berman and Witt Nystrom |2| that if a I^-Fano 
variety X admits a Kdhler-Ricci soliton with the Kdhler potential extended 
continuously on the whole X then f)o[o(-A) is reductive. 

Remark 6.6. It is not known when all holomorphic vector fields on X are 
if with respect to the Ricci limit space structure, or when if holomorphic 
vector fields consist a Lie algebra. By Remark 3. 7 and the normality, the 
condition (5.3a) is satisfied, and the results in subsection 5.4 can be applied. 
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